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Abstract

The use of computers in teaching signals and systems

has evolved. In understanding algorithms, computers

were used �rst as simulation environments and then

as real-time implementation environments. In learn-

ing the theory of signals and systems, passive tutorial

systems have become interactive. Now, software is be-

coming more and more of an integral part of textbooks

and may eventually include the textbook. This paper

discusses two interdependent fundamental components

of fully electronic courseware| the development of in-

teractive problems and examples, and the supporting

software to evaluate student solutions and to explain

steps in a correct solution.

1. Introduction

Over the last two decades, many engineering educa-

tors have sought to integrate the computer into the

daily lives of their undergraduate and graduate stu-

dents. Not overwhelmed by the issues of resources and

student apathy, those engineering educators have strug-

gled with how to balance learning by lecture, computer,

and laboratory. The di�erence in recent years is that

many of the entering college students have been ex-

posed to computers since they were of school age. That

is, some of them are very comfortable learning concepts

through interaction with the computer.

In the context of signals and systems, the four pri-

mary areas of current computer use in the curriculum
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are simulation, implementation, theoretical investiga-

tion, and tutorials. One emerging trend, however, is

in way in which textbooks and laboratory manuals are

being used. Now, software is being bundled as elec-

tronic companions to printed textbooks, but in the fu-

ture, manuals will be bundled as printed companions to

fully electronic courseware. This paper focuses on two

aspects involved in making the transition to fully elec-

tronic courseware| the creation of interactive prob-

lems and examples, and the programming of computing

environments to explain answers and evaluate student

solutions. These two components are interrelated and

require creativity.

Section 2 highlights the use of the computer in sig-

nals and systems education over the last two decades.

Section 3 discusses recent trends in software for signals

and systems that can bene�t educational courseware.

Section 4 introduces our current research in expanding

the computer's role in evaluating student answers to

questions and in explaining answers to students. The

section focuses on our development of an interactive

companion to a linear systems textbook [1]. Section 5

concludes the paper.

2. The Role of the Computer

In the context of signals and systems, the four primary

areas of computer use in the curriculum are tutorials,

theoretical investigation, simulation, and implementa-

tion. Of these areas, educators in the early 1980's

focused on simulation, by providing either a graphi-

cal interface [2] or a collection of library routines [3],

as well as \passive" tutorials via computer-aided in-

struction [4]. Passive tutorials were primarily adapta-

tions of printed textbook material onto the computer

screen. The supporting software was generally writ-

ten in house. By the late 1980's, the use of locally



authored software (e.g. [5]) was becoming prevalent.

Commercially available environments were beginning

to be used. For example, Matlab [6] was especially

attractive because of its Signal Processing and Con-

trols Toolboxes. During this time, implementing algo-

rithms in hardware become more accessible to students

with the advent of assemblers, debuggers, and other

programming tools for digital signal processing (DSP)

boards [7].

In the 1990's, educators have continued to place em-

phasis on all of the above areas. Passive tutorials [8]

are still in use, and programming tools for DSP boards

are seeing wider use. The use of the commercial simu-

lation packages Matlab, Monarch, ILS, and Hypercep-

tion have overtaken locally authored tools [9]. Matlab,

for example, bene�ts from its toolboxes, its success-

ful student version, and the many signals and systems

textbooks and laboratory manuals available for it, e.g.

[1, 10, 11]. The next section shifts the focus away from

simulation, implementation, and passive tutorial sys-

tems and towards recent trends in the use of theoreti-

cal investigation tools, interactive tutorial systems, and

integrated computing environments.

3. Recent Trends in Signals and Systems

Software

Recent trends in the software for signals and systems

have included theoretical investigation tools, interac-

tive tutorial systems, and integrated computing envi-

ronments. Theoretical investigation tools have been

primarily used for teaching signals and systems con-

cepts at an mathematical or algebraic level. Interac-

tive tutorial systems have served as front ends for the-

oretical investigation, simulation, and implementation

tools. Integrated environments have been used heavily

in the design, simulation, and prototyping of communi-

cations and signal processing systems. Properly inter-

connecting integrated environments with the theoreti-

cal investigation tools and interactive tutorial systems

is a key in implementing fully electronic, interactive

courseware for signals and systems.

3.1. Tools for Theoretical Investigation

Theoretical investigation refers to the design and anal-

ysis of signals and systems using algebraic (symbolic)

transformations. In terms of users, the two leading

symbolicmathematics environments are Maple [12] and

Mathematica [13]. Both are being used to teach con-

cepts such as z and Laplace transforms [14] and bilinear

transformations.

AlthoughMaple has more knowledge of linear trans-

forms and piecewise functions, more third-party de-

velopment for signals and systems has occurred for

Mathematica. The signal processing packages [15] for

Mathematica add a wide variety of signals and sys-

tems and implement common algebraic operations on

them. The algebraic operations include convolution for

discrete and continuous signals as well as the Laplace,

Fourier, z, discrete-time Fourier, and discrete Fourier

transforms. The convolution routines not only work

for sampled signals, but also for signals represented by

formulas. The packages can help redesign a given sys-

tem using simpli�cations, rearrangements, and number

theoretic transformations [16]. In terms of courseware,

the key component of the signal processing packages is

that they can explain their answers. For example, the

linear transform routines can display the intermediate

steps, and the convolution routines can animate the


ip-and-slide approach to computing the convolution

graphically. This justi�cation ability will be discussed

further in Section 4.

3.2. Interactive tutorials

Interactive tutorials combine passive information, such

as text, tables, and graphs, with interactive examples

involving sound, graphics, and animations. Several in-

teractive tutorial systems have been developed for sig-

nals and systems. A multimedia self-study system [17]

has been developed based on the HyperCard hyper-

text program by Claris Corp. The material in the

course can be navigated sequentially, hierarchically, or

randomly. HyperCard preserves links between related

topics which the student can follow. To add real-time

signal processing functionality, the system can be in-

terfaced to a Motorola DSP board.

Two other interactive tutorial systems have been

developed based on Mathematica. Although the Math-

ematica notebook interface does not support true hy-

pertext because it does not preserve links between re-

lated topics, it does however identify keywords that

can be followed in a document. The bene�t in using

Mathematica notebooks is that any given examples also

can contain solutions written in Mathematica code that

can be altered and evaluated. Both the Digital Sig-

nal Processing Learning Environment (DISIPLE) [18]

and the Signal Processing Notebooks [19] are based

on the Mathematica notebook front end. DISIPLE

focuses on numerical processing of music and speech

signals, and was written for composers, psychoacousti-

cians, and other people without an engineering back-

ground. The Signal Processing Notebooks, which uti-

lize the functionality of the signal processing packages

mentioned above, provide interactive tutorials on the



conventional signal processing topics of analog �lter de-

sign, convolution, discrete-time Fourier transform, and

the z-transform.

3.3. Integrated Environments

Integrated environments combine two or more of the

followingareas: theoretical investigation, graphical lay-

out, simulation, implementation, and tutorial expla-

nations. Developing integrated environments is moti-

vated by the fact that one tool cannot perform all of

the specialized tasks in prototyping standalone signal

processing systems. Instead, tools working at the same

level of abstraction should be able to interchange sys-

tem descriptions. To support top-down design, tools

should also be able to convert their system descrip-

tions to a form suitable for tools working at the next

level. The converse should be true to support bottom-

up design as well.

Several of the environments listed earlier in this sec-

tion exhibit interconnectivity of two tools, e.g. Hyper-

Card with a DSP board or the Mathematica interface

to the Mathematica kernel. In the ideal classroom or

laboratory, all software tools would be integrated with

one another. For example, a student could verify the

mathematics underlying a design, then convert the al-

gebraic formulas to a graphical layout in blocks, then

simulate the algorithm, and �nally generate working

DSP assembly code. Although this is an example of

top-down design, the student should be able to make

changes at any part in the exercise and have those

changes propagated to higher levels.

Much of the current research e�ort in integrated

systems is in the context of developing environments for

the rapid prototyping of signal processors, e.g. Ptolemy

[20, 21] and Using these tools, students would layout

algorithms as block diagrams and then connect the al-

gorithms together to form a complex system. The tools

can simulate a complex system and generate equivalent

source code and download the code onto DSP boards.

At the level of simulation, Ptolemy supports an inter-

face to several specialized simulators. Some simulators,

called domains, are released with Ptolemy and provide

a wide variety of signal generators, systems, and signal

plotters implemented for di�erent computational mod-

els. Other simulators include both freely distributable

environments (e.g. the Thor register-transfer-level sim-

ulator from Stanford University) and commercial soft-

ware (e.g. Matlab). Now, Ptolemy directly can access

toolboxes, custom scripts, and exercises already writ-

ten in Matlab (e.g. [10]).

4. Making Problems and Examples In-

teractive

In this section, we will discuss programming strate-

gies to evaluate student answers to design and analysis

questions and to explain steps in a solution. We use

a symbolic algebra system for our underlying frame-

work because solutions to questions in a �rst-year sig-

nals and systems sequence typically require algebraic

manipulation, plotting functions, and small-scale nu-

meric calculations, which �ts the capabilities of a sym-

bolic mathematics environment well. Furthermore, the

student needs a user interface to the symbolic alge-

bra environment to document steps taken in a solu-

tion. The interface should allow the solution set writer

to explain the solution in terms of commands for the

student to evaluate and and explanation as formatted

text and graphics. From among the possible candi-

dates, we chose Mathematica for three reasons. First,

its notebook interface allows us to organize problems

and their solutions in a natural way. Second, Math-

ematica supports pattern matching, so we can easily


ag and diagnose common errors with very little pro-

gramming e�ort. Third, the Signal Processing Pack-

ages for Mathematica already de�ne commonly used

signals and systems and compute transforms and con-

volution on sampled sequences and algebraic expres-

sions with explanation.

Based on our experience writing interactive tutori-

als [19] and self-evaluation exercises [22] for signals and

systems, we have created an interactive solution set for

the linear systems textbook Contemporary Linear Sys-

tems Using Matlab by Robert D. Strum and Donald E.

Kirk [1]. Although the textbook heavily uses Matlab,

we found that Matlab was only applicable to roughly

half of the problems in the textbook. Furthermore,

students would use Matlab is at the command line by

evaluating sequences of commands, and besides the on-

line help information, students would be on their own.

We saw an opportunity to program a system like Math-

ematica to give students immediate feedback for their

solution steps and their answers, as well as to bring a

symbolic algebra environment to bear on those prob-

lems of an algebraic nature.

The companion has taken the form of two intro-

ductory notebooks, one reference notebook, and a pair

of notebooks per chapter. For each chapter, a prob-

lems notebook explains how to solve the example prob-

lems in that chapter using Mathematica and provides

a workspace for students to try to solve the problems

with answer checking. Also for each chapter, a solu-

tions notebook explains the solution to each problem

in that chapter and where appropriate, gives a sequence



of Mathematica commands to compute the solution.

Our approach to evaluating student answers to de-

sign and analysis questions in the problems notebooks

is to de�ne a global function in Mathematica called,

CheckMyAnswer, which takes the problem name and

the student's solution as input and checks the solu-

tion against equivalent forms of the answer. If the

student's solution matches one the forms of the an-

swer, then the CheckMyAnswer routine returns True.

Otherwise, the routine returns the appropriate False

messages and some hints leading to the correct solu-

tion. If the question has more than one correct an-

swer, then the routine will check several possibilities

and return False messages if the student's solution does

not match any one of the correct answers. To demon-

strate the use of CheckMyAnswer in an interactive note-

book environment, we present the following scenario in

which a student tries to use Mathematica functions to

attack two linear system questions from [1] and use

CheckMyAnswer to verify the solutions.

4.1. Example Interaction #1

A student is working on part (e) of Problem 5 in Chap-

ter 10 [1], which is to use circular convolution to �nd

the linear convolution of the sequences f2;�1; 4g and

f3;�2;�1; 1; 5g. The correct answer to this question is

6, -7, 12, -5, 5, -1, 20, which can also be found by using

our DiscreteConvolution function:

In[3]:=

DiscreteConvolution[

{2, -1, 4}, {3, -2, -1, 1, 5}, n ]

Out[3]=

{6, -7, 12, -5, 5, -1, 20}

This answer is programmed into CheckMyAnswer func-

tion for this problem when the problem set is initiated.

To �nd the circular convolution of two sequences

with unequal length, the student must �rst determine

the maximum number of non-zero values for the linear

convolution of these two sequences, which is 3+5�1 =

7, and then add zeros at the end of both sequences

to achieve this length. Assume the student neglects

the necessity of zero padding and applies our function

circularConvolution directly to these two sequences.

The function will generate an error message, give hint

to help the student apply the function correctly, and

return an empty sequence:

In[4]:= circularConvolution[

{2, -1, 4}, {3, -2, 1, 1, 5} ]

Error: Sequences {2, -1, 4} and

{3, -2, 1, 1, 5} have unequal length.

Hint: Try applying zeroPadding to both inputs.

Out[4]:= {}

By following the instruction, the student would hope-

fully try to compute the maximumnumber of non-zero

values and then apply zero padding technique. But,

the student incorrectly calculates the output sequence

length to be 3+5 = 8, instead of 3+5�1 = 7. So, the

student proceeds with following command:

In[5]:=

circularConvolution[

zeroPadding[ {2, -1, 4}, 8 ],

zeroPadding[ {3, -2, 1, 1, 5}, 8 ] ]

Out[5]=

{6., -7., 16., -7., 13., -1., 20., 0}

The student thinks that answer is correct and now asks

CheckMyAnswer to verify it (note that % refers to the

previous output):

In[6]:= CheckMyAnswer[ "P10.5e", % ]

Out[6]:= False: list exceeded by 1 element(s).

At this point, the student would realize that since the

list is too long, the maximum number of non-zero val-

ues is incorrect. The student would then proceed with

the correct number; but this time, after editing the pre-

vious circularConvolution command by changing 8

to 7 to get

In[7]:=

circularConvolution[

zeroPadding[ {2, -1, 4}, 7 ],

zeroPadding[ {3, -2, 1, 1, 5}, 7 ] ]

Out[7]=

{6., -7., 16., -7., 13., -1., 20.}

Now, CheckMyAnswer will return a False message be-

cause the student typed 1 instead of -1 for the third el-

ement of the second sequence. This typo will manifest

itself by CheckMyAnswer pointing out that the third,

fourth and �fth elements of the solution are incorrect:

In[8]:= CheckMyAnswer[ "P10.5e", % ]

False: incorrect list element(s).

Out[8]= {6., -7., False[1], False[2],

False[3], -1., 20.}

After closely examining the input command, the stu-

dent �nds the error and corrects the typographical er-

ror to obtain

In[9]:=

circularConvolution[

zeroPadding[ {2, -1, 4}, 7 ],



zeroPadding[ {3, -2, -1, 1, 5}, 7 ] ]

Out[9]=

{6., -7., 12., -5., 5., -1., 20.}

Now, CheckMyAnswer con�rms the solution.

In[10]:= CheckMyAnswer[ "P10.5e", % ]

Out[10]= True

4.2. Example Interaction #2

A student is working on problem P 8.2a in [1], which

gives the transfer function of a �rst-order linear-time-

invariant system

H(z) =
(1 + 2z�2)

(1� z�1))
; jzj > 1:

and asks the student to �nd the unit sample response

h(n).

The answer for the impulse (unit sample) response

of this transfer function may take any one of many

equivalent forms, depending on how the transfer func-

tion is manipulated before it is inverse transformed.

Three of the possible forms that are returned by our

ZTransform function are:

1. direct inversion gives

h(n) = 3u[n]� 2�[n� 1]� 2�[n]

2. expand transfer function and then invert gives

h(n) = 2u[n� 2]� u[n]

3. apply partial fractions decomposition and then

invert gives

h(n) = 3u[n� 1]� 2�[n� 1] + �[n]

We have programmed these forms into CheckMyAnswer

for this problem.

Suppose the student leaves out the coe�cient, 2, in

front of the z�2 term in the numerator when typing

in the command. CheckMyAnswer will check the conse-

quently incorrect solution against all possible answers

and point out where the errors are

In[11]:=

InverseZTransform[

((1 + z^(-2)) / (1 - z^(-1))), z, n,

RegionOfConvergence -> {1, Infinity} ]

Out[11]=

2 DiscreteStep[n] - KroneckerDelta[-1 + n] -

KroneckerDelta[n]

In[12]:=

CheckMyAnswer[ "P8.2a", % ]

False: incorrect expression.

Here is how close you came to 3 forms

of the answer, with False representing a

mismatched term:

Out[12]=

1 DiscreteStep[n] False[1] +

False[2] KroneckerDelta[-1 + n] +

False[3] KroneckerDelta[n]

2 False[1]

3 DiscreteStep[False[1]] False[2] +

False[3] +

False[4] KroneckerDelta[-1 + n]

At any point, students can ask the inverse z-transform

routine to explain how it arrived at an answer by en-

abling a Justification option. The transform, con-

volution, signal analysis routines, signal simpli�cation,

some signal plotting routines, and some other routines

will justify their answers.

5. Conclusion

This paper focuses on one aspect involved in making

the transition to fully electronic courseware| the de-

velopment of computing environments to explain an-

swers and evaluate student solutions. Our approach in

this paper is based on Mathematica, an environment

with a kernel to perform symbolic computations and a

front end that supports the writing of interactive tuto-

rials. We have taken advantage of both components in

writing an interactive companion for a linear systems

textbook [1].

Since any current implementation of interactive prob-

lems and examples is bound by the sophistication of

computer software, we �rst identify the trends in the

computer software. The last �ve years have seen an

increasing number of students learning signals and sys-

tems concepts interactively on the computer, through

investigation of theory, animated simulation, automated

implementation, and multimedia tutorials. Authors

have bundled software with more and more textbooks

and laboratory books. Ultimately, this trend will lead

to the merging of software environment and textbook

to form fully electronic courseware.

In developing fully electronic courseware, however,

no one computer environment can embody all of the

specialized theoretical, simulation, and implementation

knowledge of signal processing algorithms. Current re-

search in rapid prototyping of signal processors is pro-

ducing integrated environments in which software tools

at the same level of abstraction can interchange system



descriptions and design information. Rapid prototyp-

ing research is also being conducted to support top-

down and bottom-up design simultaneously, which is

important when a student iteratively designs and tests

an algorithm.

Finally, this paper talks about classes of signals and

systems problems that can be made fully electronic.

That is, the computer can pose the problem, explain

the operations the students are applying to the prob-

lem, and evaluate student responses. Although only

currently suitable for a restricted class of problems that

are primarily of a theoretical nature, this sort of ap-

proach will be a necessary component in fully electronic

courseware. Advances in hypertext and tutoring sys-

tems, especially in their diagnosis capabilities and in-

teroperability with other tools, may hold the keys for

a more robust framework for the development of fully

electronic courseware.
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