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Chapter 1

Introduction

Digital signal processing is increasingly used in all kinds of scientific, industrial and consumer ap-
plications. Typical examples can be found in communication (high speed modems, wireless cellu-
lar telephony, in-door cordless communication, audio and video conferencing), multimedia (image,
speech and audio coding and compression), imaging (tomography, synthetic aperture radar, under-
water acoustics), computer graphics (rendering, visualization, virtual reality) and in control (system
identification, plant control, robotica).

In some of these applications, the processing of signals may be very demanding. This may come
from the often huge number of operations that have to be carried out. It may also come from the fact
that the processing of signals has to be carried out in real time. Still other constraints may restrict
implementation volume, power dissipation and storage capacity.

Here is an illustrative example. Suppose a video signal has to be processed at a rate of 50 frames
per second, each frame consisting of 1024 x 1024 pixel elements, and each pixel requiring 128 el-
ementary operations. This results in a throughput rate of about 6,000 million elementary operations
per second. Programmable off-the-shelf processors do not have this computational capacity. More-
over, even if they would have such capacities, low-power constraints might rule them out. Indeed,
the video procession example considered here could be just one component in an audio, video and
data processing unit, say a wireless network node, whose software supervisor is a battery operated
portable CPU. Assuming that this CPU is a laptop computer, it will be clear that all signal processing
components of the wireless network node will have to be very compact and will have to operate in a
low-power low-voltage mode so that they all fit on a board not larger than the size of the laptop and
do not exhaust the laptop power supply whenever the node has to operate in the network.

This example is typical for the applications we have in mind. In these applications, there is a
continuous supply of signals - in the form of samples, one-dimensional sequences, or vectors, two-
dimensional sequences or matrices or whatever appropriate quantity measured in amount per unit of
time. These signals are processed and the processed signals are taken away at the same or a lower rate
than their acquisition rate. The processing, then, is very often in the form of a repetitive invocation of
a relative small number of functions that take a signal - in whatever type it is defined - as an argument
and return a value that may or may not appear as an argument for another function. These functions
are commonly represented as nodes in a graph in which the arcs interconnecting the nodes are the
paths along which the signals flow as arguments of the functions - when flowing toward nodes - and
results of the functions - when flowing away from nodes. These so-called flow graphs clearly reveal
that, in most cases, some of the functions can be evaluated concurrently and - important for us - the
graph has a periodic structure. Indeed, signal processing flow graphs are typically periodic and on
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6 Introduction

top of that, they sometimes reveal a striking degree of regularity which make them think of crystals
or cobwebs or beehives and the like. As signals may enter and leave the graph at equal and fast rates,
parallelism must usually be exploited to allow the periodic execution to be faultless. Moreover, the
processing of signals is typically to be implemented in field applications, that is, at locations which
do not offer room for large scale implementations. And last but not least the number of applications
requiring low-voltage low-power implementations is growing rapidly.

As a consequence of our focusing on such applications, the classical processor which processes
the operations sequentially, which also has tremendous overhead and demands for large power sup-
ply must be ruled out as candidate implementation architecture. This is not only so for the micro
processor - say the RISC processor - even the traditional signal processor - say TMS320Cx (Texas
Instruments), DSP5600x (Motorola) or ADSP-210x (Analogic Devices) - is designed for too broad an
application range for it to be a feasible platform for implementing our high throughput high density
signal processing applications. These sequential processing systems are thus inadequate and systems
based on parallel and/or pipelined processing have to be considered and designed. Such systems
will inherently be application specific and most likely of type processor array - one dimensional or
higher dimensional - which may or may not fit into a single chip implementation. Notice that parallel
processing not only caters for higher speeds, it also provides a solution to low-power implementation
requirements. Indeed, parallel processor arrays are more cost effective in terms of power consumption
[46].

The conjecture that effective and efficient implementations must be application specific stems
from the following observation. Digital signal processing systems are implementations of architec-
tures into which algorithms are executed. The usefulness of a particular architectural style depends
heavily on the specific features and properties of the algorithms that are to be implemented. For ex-
ample, an architecture whose structure is a mesh of nearest neighbor communicating functions may
not be useful when the algorithm enforces a tree-like structure as a consequence of the algorithm’s
specific internal dependency structure. By contrast, this type of mesh is most suited for the implemen-
tation of convolution-like algorithms such as an inner-product based algorithm for the computation of
the product of two matrices. A judicious analysis of the dependency structure of an algorithm may
reveal that there is a large amount of inherent parallelism in it and that the flow of arguments toward
functions and results away from functions is local. Though the algorithm dependency structure is a
key issue in determining the appropriate architectural structure and style for the implementation of it,
one of the major problems is to make the algorithm’s dependency structure visible, that is, explicit.
Indeed, almost all algorithms are given in the form of an executable program which has been devel-
oped on a workstation or PC in a common imperative language such as C. Such a program has an
inherent sequential execution nature and, therefore, hides whatever parallelism it may have in itself,
as much of the inherent parallelism is captured in artificial dependencies due to the strict ordering
of operations in sequential programs. One can argue that one could get round this difficulty by not
starting from the sequential program specification but developing a suitable algorithm and designing
an accessory architecture simultaneously and at once. However, this is a difficult task and, moreover,
it does not always make sense as it would ignore the tremendous amount of research efforts in algo-
rithm design which, unfortunately, is commonly put in public domain as a sequential program. Thus,
even if a problem solution can be cast in a novel algorithm and a new architecture for it, common
practice is such that existing programs realizing an algorithm are first analyzed and brought into a
form which is void of side effects and transparent with respect to inherent parallelism. Only when
this structure appears not to lead to an efficient accompanying architecture makes it sense to conceive
a redevelopment of the algorithm which will then at least be guarded by and inspired through the
results obtained from the analysis of given executable specifications. Thus, the analysis of programs
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remains a problem and this dissertation proposes a solution to it - at least for a subclass of programs -
and provides an implementation of the procedure by which the analysis of programs from the feasible
class can be carried out automatically.

There is thus a strong - be it not always explicit - interplay between algorithms and architectures,
and for the drawing up of the specification of the ultimate implementation there is a need for methods
to provide workable reference algorithms and to derive from them accompanying architectures for
their execution. For that to be achievable systematically, it is convenient to let both algorithm and
architecture be expressed as flow graphs. The data flow or signal flow graph has proven to be very
powerful even long before the birth of what is now called signal processing. Simulation environments
and design systems that use signal flow graph concepts do exist. Examples are SPW (Cadens), COS-
SAP (Synopsys), DSP station (Mentor Graphics), Signal [24] and Ptolemy [14]. The latter system
is special in that it knows several different models of data flow which allow the specification and
manipulation of heterogeneous or so-called embedded systems. All of these environments and sys-
tems tend to be generic in that they do not distinguish between irregular and regular graphs. Regular
flow graphs have special properties which can be exploited to make their specification, description
and manipulation elegant and tractable. In fact, regular flow graphs have inherent structure whereas
irregular graphs do not have such structure. The latter may require the introduction of structure in
order for them to be turned into efficient implementations. The former, on the other hand, require
special concern in order not to destroy this inherent structure during the process of converting them
into implementations. Architectures that reflect algorithm regularity and are themselves regular are
reminiscent of H.T. Kung’s systolic architectures [44][42], introduced in the eighties. Although sys-
tolic architectures are but concepts and closer to algorithm structures than to architectures, they have
undoubtedly paved the way to what are now called piecewise regular architectures [43].

Roughly speaking, these architectures are computational networks or networks of communicating
functions which are local in time and space. These will be our target architectures, and algorithms that
are naturally executed in such architectures will likewise be our target algorithms. Nested loop pro-
grams are, as a matter of fact, akin of those algorithms and form by far the largest class of algorithms
in signal and image processing. It is a subclass of this class of algorithms to which we alluded above
and for which we propose methods to analyze them and to bring them in flow graph models which do
take the inherent structure into account. They are called reduced-size graphs and the challenge, then,
is to develop methods to transform such graphs from the level of algorithm graph down to the level of
architecture graph without breaking their property of being of reduced size, that is, without destroying
the regularity structure.

The problem that we thus face is basically the following. How can signal processing tasks be
cast into effective and efficient parallel algorithms and accompanying parallel architectures in such a
way that regularity, if present as a structure property, is preserved as much as possible and constraints,
imposed by the application and possibly also from presupposedly inferred implementation limitations,
are obeyed in an as natural way as possible. We are thus seeking for a design methodology which
gently fits the domain of (piecewise) regular algorithm and architecture flow graphs.

This is a rather complex subject. However, the inherent structural property of regularity suggests
that models and methods can be envisaged which can be cast in rigorous mathematical terms, in par-
ticular of a linear integer algebra nature. The intended methodology has been laid down partly in
two European Basic Research Action programs (BRA 3280 - NANA, and BRA 6632 - NANAZ2) [1].
Partners that took part in the consortium have been IMEC, Louvain, Belgium; ESAT, Katholieke Uni-
versiteit Leuven, Louvain, Belgium; LIP, Ecole Normale Supérieur de Lyon, Lyon, France; INRIA,
IRISA, Campus de Beaulieu, Rennes, France; and CAS, Delft University of Technology, Delft, The
Netherlands. All of them had been engaged in similar research and continued contributing in the area
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after the project came to an end in June, 1995. The objectives of the research were twofold. On the
one hand, ENSL [63], ESAT and DUT concentrated on the development of novel algorithms for par-
allel architectures. On the other hand, INRIA, IMEC and also DUT focused on designh methodologies
and synthesis techniques for such architectures. Here, we give a concise view on the partner’s contri-
butions in the design methodology domain, leaving the algorithmic development approaches - albeit
strongly influenced by and affecting in turn the design methodology concepts - undiscussed.

INRIA focussed on the design of fully pipelined hard-wired regular arrays. Their design method-
ology is based on an original technique contributing to the synthesis of ’systolic arrays’, proposed in
1983 [58] and is called dependence mapping or space-time mapping. The INRIA partner developed
a transformational design environment called Alpha aiming at the systematization of the design and
synthesis of complex ASICs [1] [87] [59] [16].

IMEC concentrated on fully customized regular arrays, with the emphasis on efficient exploitation
of ASIC features in generalized regular arrays intended for front-end image and video processing
applications. Specific contributions were related to control, initialization, high-level memory, 1/O
management and verification [65] issues. The IMEC partner developed the Cathedral-4 design system,
aiming at the systematization of the design of such arrays, in particular the details related to the
mentioned issues [1] [86].

TU Delft aimed at deriving parallel architectures from regular data-flow graphs obtained from
executable specifications of nested loop algorithms. This dissertation reports on some of the work
contributed here. The DUT partner developed the prototype environment HiFi, which contains a tool
box for the systematic design of piecewise regular algorithms and architectures [1].

Surely, other researchers have contributed in this area, too. Among them, we mention Y.H. Hu
(University of Wisconsin, Madison), S. Rajopadhy and D. Wilde (Oregon State University), L. Thiele
(University of Saarbrucken, Germany), P. Capello (University of California, Santa Barbara), D. Bal-
tus (MIT, Massachusetts, Cambridge), W.B. Burleson (University of Massachusetts, Amherst), R.M.
Owens and M.J. Irwin (The Pennsylvania State University), J.A.B. Fortes and L. Jamieson (Perdue
University, W. Lafayette), S.Y. Kung (Princeton University), M.W. Wolfe and M.S. Lam (Stanford
University), J.-M. Delosme (YYale University, New Haven), T. Meng (Stanford University), U. Baner-
jee (Control Data Corporation, Sunnyvale), J. van Meerbergen (Philips Research, The Netherlands),
and others.

Other design systems that aim at systematic designing of piecewise regular architectures are
DESCARTES [7], and CASPER [73]

It is worth mentioning that one novelty in the approach of the NANA consortium is the successful
strategy to design the algorithm and the architecture together. In this approach, an implementation
is derived from a behavioral specification - usually in the form of an executable program - through a
series of transformations on flow graphs specifying and describing both the algorithm and the architec-
ture. This is only possible for a specific problem or at most a group of similar, coherent or otherwise
related problems. These are usually called application specific or dedicated algorithm-architecture
pairs.

The design environments mentioned above can be situated above the behavioral synthesis systems
or as special domains within behavioral design systems. They share the following main ingredients:

1. representation models of the algorithm and of the architecture

2. basic transformation methods and tools supporting specific stages in the mapping process from
the original algorithm to the final architecture.

3. one or more synthesis scripts along architectural design methodology.
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This dissertation contributes to the first-mentioned point in the context of the HiFi system, i.e.
the consistent modeling of algorithms and architectures. The design systems Cathedral-4 and Alpha
require an algorithm to be entered in the form of an applicative specification written in special design
languages. Cathedral’s design language is called Silage. Alpha-du-Centaur’s design language is called
Alpha, in which the algorithm is expressed as a set of affine recurrence equations. These applicative
specifications express the parallelism in the algorithms.

The HiFi system has another approach and allows an algorithm to be written in a standard impera-
tive language like C, and then to derive automatically the applicative specification from the imperative
program description. More formally, the functional behavior given in the form of an algorithm is re-
fined structurally. The resulting specification is then expressed in the HiFi design model, which is
basically a dependence graph model. The dependence graph expresses explicitly the parallelism. The
model is described below in more detail.

We can characterize the HiFi system by its model and methods or tools, although there are a lot of
other aspects of the design system, software engineering aspects, such as its object-oriented database.
In the following sections, we describe briefly the model and summarize the tools in HiFi system’s
toolbox.

1.1 Algorithm and Architecture model

1.1.1 Themodd

However complex an algorithm may be, it ultimately has to be executed by a collection of primi-
tive units, which HiFi considers to be finite-state machines. We model a finite-state machine as an
AST node [5]. This architectural model was inspired by the concept of applicative state transitions
(ASTs) as published by Backus [6], and, in acknowledgement of that fact, we have named our node
accordingly.

The capabilities of a primitive unit are specified by a number of behavior descriptions correspond-
ing to each of its states. The behavior can change from state to state (e.g., an ALU may in one state
execute a logic function and, in another an arithmetic operation). Therefore, we say that an AST node
has a temporal behavior.

HiFi looks upon each state of a primitive unit that carries out a specific behavior as a black box
with a number of input and output ports. Its behavior is defined by a relation between the data supplied
at its input ports and the expected data at its output ports. If we do this for all possible input values, the
behavior, as it reveals itself to the outside world, is completely specified and is impartial to whatever
realization form it may take.

In many cases, an explicit specification of the behavior in the form of an input-output table is
infeasible. HiFi allows an implicit specification by means of a function, whose structure is not relevant
to the ultimate architecture.

In fact, the AST node is looked upon as a model for a sequential processor. It consists of

e aset of functions that constitute the operational capabilities of the processor.
e aset of states that keep track of the memory inside the system.

e a selection mechanism that specifies the sequential ordering of function evocation and evalua-
tion.

Thus the AST model logically separates function, state, and function ordering.
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A second type of node in HiFi expresses parallelism and is called a structure node. It is a network
of nodes, of either type, in which ports of nodes are connected by edges. The nodes in such a network
are concurrent processes that are only aware of their local state and communicate asynchronously with
each other over edges. The communication between the AST nodes of such a network is akin of the
model of communicating sequential processes (CSP) [80]. In the context of CSP, communication is
seen as a shared event between two subprocesses. This means that the production of data in one AST
process is synchronized with the consumption of data in another AST.

We refer to a structure node as a functional data-flow network. 1 Nodes represent operations and
the edges represent the transfer of values between the nodes. A characteristic property of data-flow
networks is that each input port has precisely one edge attached to it, whereas the number of edges on
an output port is left free. Data-flow networks distinguish themselves from pure data-flow graphs by
the fact that the nodes may have dynamic behavior. That is to say, the function executed by an AST
node may change from state to state. However, in a particular state there can only be one function
active. This function is called the current function. A current function of an AST node fires when
all its inputs contain a token and its outputs are free of tokens. After firing, the input tokens are taken
away and one output token is placed on its output ports [80].

In [45], E. Lee discusses several models: dynamic data-flow (DDF), synchronous data-flow (SDF),
boolean data-flow (BDF), etc. To position the HiFi model, we could say that its single token passing
is a special case of BDF.

1.1.2 Regular Dependence Graph model

So far, the functional data-flow network may appear to be closer to an architecture than an algorithm.
This is at least suggested by the temporal behavior of the AST node. However, we do use the same
model to represent algorithms as well. For this purpose, we assume that the algorithm is statically
specified, that is, if it is given in the form of a program (an executable specification), then this program
must be written in a single assignment code. Assuming, in addition, that all variable dependencies
are manifest (known at compile time), the single assignment program has a graphical representation
which is a special form of a data-flow network and is commonly called a (data) dependence graph
(DG). A DG is special because each and every node in the graph evaluates one, and only one, function
exactly once during the evaluation of the algorithm.

Now, recalling that our main interest is the designing of algorithm/architecture pairs for nested loop
type problem specifications, the DG for such an algorithm has the particular property that it reveals a
high degree of homogeneity, that is, it is systolic-like. To be even more specific, we shall be dealing
with so-called piecewise homogeneous dependence graphs and corresponding piecewise regular flow
graphs [76] which are indexed graphs within so-called linearly bounded lattice [78]. Broadly speaking,
a linear bounded lattice (LBL) is characterized by a lattice and a polytope [66]. An indexed graph
having an LBL support is homogeneous (or regular) if the specification of a node and its dependencies
is independent of the index on the support. A graph is piecewise homogeneous (or regular) if it can
be partitioned in a finite number of LBLs, independent of the size of the graph, and the convex hull of
the set of individual polytopes is again a polytope.

The LBL DG model in HiFi can be compared to the Polyhedral DG model in Cathedral and the affine
recurrence equations model in Alpha. The piecewise regular DG is super imposed on the data-flow
model and has the advantage that an explicit timing model is part of the specification avoiding an
overloading of semantics in a pure applicative specification.

1We could also call them signal flow graphs or data flow graphs. Intuitively, graphs are more abstract and static than
networks which are closer to technical dynamical structures.
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Of course, a real-life application never appears as a pure piecewise regular data-flow graph, there
will always be irregular parts in it. Interactions of regular and irregular parts in flow graphs may
influence efficiency of implementations drastically. It is, therefore, necessary to provide models for
interfacing and interaction of regular and irregular parts in flow graphs, even when irregular parts are
not developed or designed within the system (or the domain of the system) wherein the regular parts
are. Part of the work described in this dissertation has been dealing with this interfacing problem.

Thus, the DG model allows us to express the functionality and the potential parallelism of the al-
gorithm in detail. Simultaneously, the model represents a possible architecture, although it is unlikely
that this architecture meets the requirements of the specification of the application. In addition, the
model allows one to analyze and inspect properties of the algorithm/architecture. One can get good
estimates of the expected computation time, speed-up, etc. and various costs of the architectures that
may be derived from the DG. Based on the result of such an analysis, one may choose for an another
algorithm, or one may modify the algorithm by algorithmic transformations [84].

1.2 Design trajectory

Within the whole spectrum of possible architectures, we can think of two conceptual ones at either
sides of the spectrum to execute an algorithm specified by a DG. At the one end, would be the archi-
tecture based on a flow graph network (a structure node) obtained by the direct mapping of each node
of the DG onto an AST node and of each dependency of the DG onto an edge. This corresponds to full
parallel execution of the algorithm. In HiFi, an algorithm is actually entered as such an architecture
(a DG). This is feasible because we focus on regular architectures that can be described in a reduced
way. At the other end, is the architecture consisting of a single AST node that has a state for each
node of the DG it originates from. This corresponds to sequential execution of the algorithm. This
architecture is very costly in the number of time steps needed to execute the algorithm. The former
one is expensive in number of distinct functions needed for that execution. The objective of the HiFi
design trajectory is to derive an architecture between these two extreme points which is optimal in the
sense that a cost function, in which the various parameters (including execution time, implementation
volume) can be given weights, is minimized. That is, a continuous trade-off can be made between
time, space and memory needed to execute the algorithm on an implementation. For example, a pro-
cessor array will be designed in such a way that its size is independent of the “size” of the algorithm,
the processors are optimally used, and its throughput rate is balanced with the 1/0O speed of the host
processor.

1.3 The Tools

The tools in the HiFi tool box can be divided into three categories. The first set of tools is concerned
with converting user specifications which do not fit the imposed model into such specifications. The
second set of tools consists of transformation tools that operate on piecewise regular DGs. Finally,
there is the set of support tools among which a data-flow simulator. However, we will not discuss the
latter set of tools, as they are described elsewhere [80].

1.3.1 Conversion Tools

We distinguish between three types of algorithm specifications:
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Figure 1.1. The three types of specification and their conversion. The solid lines are the
tools we discuss in the dissertation.

¢ functional input-output specification. This is an input-output map or a relation between an
input and an output that must be a function. 2 As it is at present difficult, if not impossible,
to design implementations directly from input-output function specifications, we allow such
specifications to be replaced by executable program versions written in a subset of the C or
MATLAB programming language [74].

e temporal specification. By temporal specification we mean a specification which is a valid
AST node within the system. An AST node is a particular model for a sequential program
in which there is an explicit sequencing mechanism (control function) that determines the se-
quence in which the functional units are to be evaluated. The functional units themselves are
again executable routines, written in a subset of C or MATLAB, that must have a corresponding
functional input-output specification.

e structural specification. This is a specification expressed as a dependence graph, that is, a
structure node. In it, the leaf nodes must be AST nodes.

These three types of specifications are depicted in figure 1.1 together with their mutual relation-
ships. In this figure, the functional input-output specification is labeled NLP (nested loop program).
The central circle, labeled SAP, is the single assignment code version of the NLP specification. The
SAP specification must exist as the design of an architecture for the implementation of an NLP always
starts out from this specification. However, the HiFi system does not require a SAP specification to be
given. Indeed, one of the tools of the system is a data dependence analysis tool which allow conversion
of NLPs into SAPs.

2The requirement that the relation must be a function (in the mathematical meaning of the word) is important. If an
input-output map cannot be specified as a function, then the specification is formally undefined for the HiFi system.
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\ input | tool | output |
nested loop program (NLP) | HiPars | single assignment program (SAP)
single assignment program (SAP) | sap2dg dependence graph (DG)

dependence graph (DG) | dg2sap | single assignment program (SAP)
nested loop program (NLP) | nlp2AST | applicative state transition (AST)

Table 1.1. The table of conversion tools with type of specification at input and output side.

Although a design session can start from anyone of these three types of specifications, it will often

be the first one that is provided from outside. Assuming that this is the case, the first step will, then, be
the procedural algorithm description to be converted to the DG model in which all parallelism is now
fully explicit. A large part of this dissertation is devoted to the tool HiPars by which this conversion
can be done automatically for the defined class of nested loop programs (NLPs). Again, characteristic
of this class of program is that they have static control. Many signal-processing algorithms belong
to this class. The data dependence analysis involved is exact and detailed down to the level of the
iterations of the nested loop program. The output of HiPars is a single assignment program (SAP).
We convert it with the tool sap2dg, see chapter 9, into the dependence graph model.
The design process itself can be characterized as a process in which one has to decide which part
of the algorithm has to be processed sequentially (software) and which part of the algorithm has to
be processed in parallel (hardware). Or in terms of the model, which part is to be specified by an
AST-node and which part by a structure node (DGs) and how the parts are interfaced. The design
process is thus a refinement process in which we decompose the initial algorithmic specification, with
two fundamental refinement directions: (1) temporally and (2) structurally.

In the dissertation, we present the models and methods for supporting this refinement process.
In table 1.1 we have listed several tools that we will discuss. The tools are conversion tools which
convert one type of specification into another.

We restrict ourselves primarily to discussing the techniques used by these tools and the way the
types of specification are modeled. The choices about when and on which object to apply the tools
depend to a large extent on the properties of the algorithm and the specification of the system. It is the
task of the designer to make these choices based on thorough understanding of the problem.

1.3.2 Transformation tools

The DG forms a source node in what could be called a design tree. It is a design trajectory with the
objective of deriving a AST/Structure co-design architecture for the execution of piecewise homoge-
neous concurrent algorithms. The trajectory is schematically depicted in figure 1.2 and consists of a
sequence of transformations which typically, but not necessary, take the piecewise regular DG model
input to the transformation sequence. In the DG model, the elements of the network such as ports,
edges and nodes are indexed and grouped in index-domains, which are defined by linearly bounded
lattices [78]. The nodes of the graph are arranged into segments. Each segment is specified by an
index domain and a function specifying the operation of the nodes. The edges between the ports of
the nodes are defined by an index relation between indexed input and output ports of nodes. We will
explain this in chapter 9.

The transformation tools are index transformations. They rearrange the elements by assigning
new indices to the elements. The tools are closed operations in the sense that the result is again a DG,
although a modified one.
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Figure 1.2. The HiFi design trajectory for piecewise regular DGs.

The most important transformations are: space-time transformation, localization, regularization, par-
titioning and projection. Localization is applied to substitute local, propagating communication for
long-distance and broadcast communication in the DG. Communication is an important cost factor in
parallel processing. By choosing for regular and local interconnects, this cost can be reduced consid-
erably. The space-time transformation introduces space and time dimensions in the DG. The objective
of regularization is to combine several regular pieces into one regular piece that is controlled by exter-
nal controllers. The partitioning tool is used to partition the DG, with large and often parameterized
size, into a two-level hierarchical graph of which the lower level graph (the tile) is of fixed size. The
projection tool is to re-use nodes of the DG by projecting the space-time transformed DG onto a data-
flow graph with memory.

As a DG is presumably piecewise regular, the tools may be applied on each and every piece separately
and independently provided the whole is a feasible graph in the end. For example, overall causality
constraints must be preserved. Thus piecewise linear transformations are feasible transformations and
may lead to mappings that are more optimal than with global transformations [8][61]. The application
of transformations on individual pieces raises the question of how to model the interfaces between
pieces. This crucial and delicate issue has been disregarded too often which is one of the reasons, if
not the reason, why so many ’designs’ are either but conceptual or inefficient. It is not hard to imagine
a DG consisting of, say three, pieces, one of which is transformed to a regular one-dimensional data-
flow array, another one being mapped onto a single AST node whose behavior is implemented onto a
programmable DSP, and the last one being clustered onto another AST node whose behavior is mod-
eled by an irregular flow graph which is implemented in an ASIC. In this *design’ interfaces between
three constituents will determine, for a great deal, the efficiency of the regular-irregular software-
hardware implementation.

In this dissertation we will pay attention to the modeling of interfaces between the various nodes
that we know: AST-nodes, structure nodes including dependence graphs and being of type regular or
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irregular.

1.4 The output

Eventually, we end up with a possibly hierarchical network of AST nodes, i.e. the system is expressed
as a set of functions structured in time and space.

What is most important is that all network’s nodes are derived from an initial functional algorithm
specification by a series of algebraic transformations such that the constructed network can be shown
to be input-output equivalent to the initial specification.

Even when the initial algorithm is regular, the resulting network will not be purely regular in the sense
that all the nodes perform the same function/operation as is the case in pure systolic arrays. The
transformations will introduce special AST-nodes to take care of the input and output distribution of
data, memory buffers, and switches. The nodes make explicit and take care of additional emerging
synchronization needs. One must be careful to avoid performance degradation due to the appearance
of such nodes. Optimization is mandatory here in order to keep space-time product efficiency as close
to a constant as possible, irrespective of transformations that are applied to turn an initial specification
into an implementable data-flow graph.

The functions that are executed in the states of the AST nodes of the final network will be ex-
ecuted either in software or on hardware. In case these functions are not further refined, that is of
the software/hardware support is not specified, then they are referred to as elementary functions. For
example, table 1.2 lists a set of typical elementary functions. This set of elementary functions is
available in a MATH library.

name | expression
cos | y = cos(x)
sin | y = sin(xz)
tan | y = tan(z)
add | y=a+b
sub | y=a—5>

mul y=a.b
div y=a/b
floor | y=|z]
ceil y = [z]

mod y=ab

Table 1.2. Table of supported elementary functions.

Finally, some remarks on the realization. Although the output of our system is a network of com-
municating AST-nodes, whose internal functions are elementary, the HiFi model was designed with
software-hardware implementations in mind.

This, of course, means that there must be an interface between the HiFi design system and, if not
HiFi, another design system in which the network can be further refined to take it down to the im-
plementation level. This system may even be an intermediate system requiring again an interface to
yet another system. For example, we might see HiFi as a domain for the Ptolemy system [14][45],
or might wish to link the HiFi system to any one of the currently available behavioral synthesis or
high-level synthesis systems. The difficulty here is that all those systems, including HiFi, are far from
compatible and VHDL [60] is often the only language (originally a hardware description language,
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now extended with some specification capabilities) through which various design systems can interact
with each other. Anyhow, for the downstream to be unblocked, it is necessary that the elementary
functions in HiFi’s function library can be interpreted by the satellite design system in the sense that
they are likewise in the operating system’s library or can be refined in terms of components in its
library. This implies that the granularity of the elementary functions must be fine enough so as to be
not coarser than the coarsest objects known to the adopting design system. Thus if a communication
protocol is to be implemented by a four or two phase handshake protocol [33], then the HiFi single
token passing mechanism must be so refined that such a protocol can be extracted from it. Similarly,
if an AST is to be implemented by a finite-state machine, HiFi must not output AST specifications
which are too far away from FSMs. Finally, HiFi functions can be synthesized to circuits by means of
existing synthesis tools such as DSP station [20]. The input language of of the DSP station is called
data flow language (DFL), which is based on the SILAGE language with some procedural extensions.
By using DSP station, we can automatically translate DFL descriptions of functions to register trans-
fer level, which in turn can be synthesized into digital circuits. An alternative to designing ICs, is to
use standard digital signal processors (DSP). The system has also compilers for DSP processors such
as the "C30’ and *C40’ [20].

1.5 The HiFi system

The development of the HiFi system has been a large software engineering enterprise. It includes
the development of a data structure to represent the dependence and flow graph model, and the im-
plementation of several transformation tools. Some of these are described in this dissertation either
completely or partially. Other tools and the completion of the partially described ones can be found
elsewhere [89].

We have set up the system conformable to some general guidelines. Firstly, we have aimed at
an open design system in the sense that it is under the control of the designer who supervises, gears,
and steers the path to follow, makes the design decisions. Secondly, we believe that designing is an
interactive process between the system and the designer. We have implemented various user interfaces
to assist the designer, for instance, to invoke the tools and to select their parameters.

We have chosen to build a toolbox being a collection of relatively small tools instead of large tools

by which large design steps have to be taken in which fine-grain decisions have been automated. The
tools are written in an object oriented language, in our case Objective C. In fact, the whole system
has a strong object oriented flavor [68]. Thus nodes, whether of type AST or of type structure node
are objects, having methods and data encapsulation, and knowing about classes, message passing,
polymorphism and inheritance.
The backbone of the tools is formed by a data structure. The data structure consists of a collection of
objects, representing the piecewise regular model. It contains objects to represent elements such as
ports, nodes, and functions of the network. There are tools for design and separate tools for querying
information about the design.

The HiFi system is built on top of the NELSIS CAD Frame [83], which offers a database consist-
ing of a collection of design objects in which the designs are stored. In addition, NELSIS CAD Frame
offers a number of features to organize the tools and to present them to the designer in a user-friendly
way.

A powerful design concept is hierarchy. The system supports the hierarchical specification of de-
signs. An important reason to use hierarchy is that it reduces the design complexity. The idea is to
start with a design object specified by a procedural program in MATLAB, and to refine this specifi-
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cation step by step into a collection of design objects organized in the form of a design graph. Each
design object captures a description of either a structure, an AST, or a function. To support hierarchy,
the description is split into an interface and a body specification. The hierarchical relationships be-
tween design objects are maintained by the NELSIS CAD Frame. The result of the design process is
a collection of design objects specifying a network or architecture that can be synthesized.

For more information on the HiFi design system, we refer the reader to [23][37][80].

1.6 Main Contributions

The concepts and models that are pivotal to HiFi are not new. They were introduced in [5][13][39]
and used to build a simulator in [80]. These basics emerged from the desire and attempts to conceive
a logical and consistent functional design methodology. In it the key paradigm is the flow graph by
which both behavior and structure are modeled. There can be found several flow graph models in the
literature and in other design systems. Our flow graphs are networks in which functions communicate.
Here functions are mathematical functions and have, therefore, precise meaning and properties. The
communication is thus essentially a passing of arguments and results. The functions reside in the
nodes of the network which, in contrast to most flow graph models, are not function nodes but nodes
with function states. They are our AST nodes. Our flow graph thus differs from classical flow graphs,
such as the Kahn model [40] (which is sometimes considered to be the mother of all flow graphs) or
the various flow graphs in the Ptolemy system [45]. Being consistent in a design methodology is one
thing, completeness or closedness is more of a though issue. If the ultimate goal is to produce efficient
implementations of algorithms, then genericity is hard to sustain. Flow graphs may have certain
specific properties - they may be annotated, they may be partially pre-structured or even indexed
- which provoke certain specific approaches which exploit such properties for efficiency sake. If
specific properties are neglected, then the result may be unsatisfactory. This is why most of the design
systems are either biased toward application typical designs and design methodologies, or get stuck at
the level of genuine simulation platform in some generic sense.

As a result, we have concentrated on a particular application domain within the originally generically
thought HiFi system. The domain we have chosen is the one which is missing in most design systems,
that is, the domain of regular flow graphs. When looking at the few competing sides, then, it is seen
that the algorithms - homogeneous algorithms - that lend to such flow graphs, are assumed to be
specified in terms of sets of recurrence equations. As this is, practically speaking, a severe handicap,
we have decided to look, in the first place, closer to the problem of how to specify the algorithm
or program for which a design is to be generated. This is how we arrived at the subclass of nested
loop algorithms which we will introduce in chapter 3. Thus, if an initial specification is a program,
then it will have to belong to a well defined class and from there on we provide transformations and
refinements of the given specification. The design methodology is, indeed, tuned to the domain of
homogeneous algorithms and regular architectures, yet it is fully consistent with the realm of the
original concepts and models.

The main contributions of the dissertation are:

¢ definition and implementation of the piecewise regular dependence graph model based on the
data-flow model.

e the tool, HiPars, that analysis the data dependencies of static nested loop programs and outputs
a functional equivalent program in single assignment form.
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e the tool, sap2dg, that converts the single assignment program into the piecewise regular DG
model.

e the tool, HiCompose, that creates a hierarchical or abstract DG.

e the tool, dg2sap, that converts pieces of the DG into procedural program descriptions.
e the tool, nlp2ast, that models a nested loop program as an AST.

e organization of the tools by the NELSIS CAD Frame.

e organization of the design in the form of a design graph inside the database of the NELSIS CAD
frame.

It is obvious that, with these contributions, no sufficiently powerful toolbox has yet been con-
structed. However, other tools - that we alluded to earlier - have been built by colleagues in the HiFi
context. They are space-time partitioning, graph tiling, clustering, projection, and control generation
tools. They will be presented elsewhere [89]. With these two sets of tools, realistic designs can be
obtained in a genuine functional way.

1.7 A design example

SI

N N N y
jamming signals

A As Ap_1 Ao
z1 () z5(t) zp—1(1) y(t)

Processing Unit

l signal of interest

Figure 1.3. The beamforming problem. Signals from several sources are impinging on an
antenna array. SI is the signal of interest. J is a jammer signal. A, is the main antenna
and Ay, ..., A, are the auxiliary antennas.

In this section, we briefly present an example of a real-life design. Its details can be found in [54].
The underlying problem is the following. A signal of interest (ST) is sent from some location in space
and to be received at another location. The receiver has thus to point his receiving antenna (Ay) in the
propagation direction of the signal (which is a plane wave at the receiver’s site). See figure 1.3.

In practice, however, the receiving antenna will also pick up jammer signals (J) (again plane waves).
So, some ’focusing’ and ’rejecting’ mechanism has to be conceived to separate ST from J. This is



Introduction 19

achieved through beam forming [75]. Thus, a set of p — 1 auxiliary antennas are so placed that they
essentially receive the jammers.
Let y(¢) be the (baseband) signal at the output of the main antenna Aq. Letfori = 1,...,(p—1), z;(t)
be the (baseband) signals at the outputs of the auxiliary antennas, A, ..., A1, respectively. All these
signals are assumed to be complex valued. Define the difference signal e(t) as

e(t) = y(t) = Sp_ wi(t)zi(t)
where w;(t) are coefficients used to weigh the auxiliary signals. The task, now, is to find the w;(t)
such that 3 | e(t = KT |? is minimal, where T is a signal sampling period and & runs over a finite
time span.

The implementation is in the form of a PCB board bearing four pipelined CORDIC chips [34]
and five programmable gate arrays. This board is a prototyping testboard and other algorithms can be
implemented in the same configuration. A single chip implementation of the beamformer is feasible
and could easily sustain a throughput of the vectors [y(t), z1(t), ..., z,—1(t)] of 200.000 per second
with a chip clock rate of 40 MHz.

The design of this architecture went through the following steps, inside HiFi:

e A specification of the beamforming algorithm was given as a nested loop MATLAB program
(The program resembles the one given as program 3.3 in chapter 3).

e HiFi’stool HiPars converted this program to a single assignment program (Chapter 7).
e HiFi’tool sap2dg converted the SAP program to a dependence graph (DG) (Chapter 9).

e HiFi’s tool regularize combined the complex functions vectorize and rotate into a complex
CORDIC-AST node.

e HiFi’s tool space — time transformed the DG to obtain maximal throughput.
Outside HiFi:

¢ Refinement of the complex CORDIC-AST into an irregular flow graph of interconnected real
CORDIC-ASTSs. (Interconnected through FPGs).

¢ Refinement of the real CORDIC-AST into a pipeline CORDIC ASIC.
e Control generation (implementation in XILINX)

e Board connected to data buffer via VME bus.

1.8 Outline

The standard design example in this thesis is the SVD algorithm [31]. In chapter 2, we give an intro-
duction to the SVD algorithm and come up with a nested loop program description of the algorithm,
which is suited for parallel implementation.

In the following chapters, we describe the tool HiPars [36][35][41], which is the most important
of the set of tools discussed.

Given a processing problem, HiPars inputs a procedural algorithmic description of the method
chosen for solving it, and outputs a description in ’single assignment form’, which is equivalent to a
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dependence graph. These exhibit the maximal available parallelism in the chosen algorithm. Some
main principles of HiPars go back to Bu’s work [13]; he analyzed the conversion mechanism to the
single assignment form of a restricted class of imperative programs, and Feautrier’s work [25][26]
who proposed effective methods to solve the search problems involved. These methods can only
handle programs with static control. We mean by this that the control variables are known at compile
time as parameters, i.e. values that are independent of the actual data being processed. We do not
require them to be known constants. The attraction of the method is that it can handle symbols as
parameters (parameterized design).

In chapter 3, we define the class of nested loop programs that HiPars can take as input. We do
that by representing programs by parse trees. The parse trees define the syntax of the programs but
they are also used as the internal data structure of HiPars.

In chapter 4, we formulate the data dependency problem. Data dependencies are the result of
argument passing between functions via the variables of the nested loop program. The kernel of
HiPars is formed by Feautrier’s Parametric Integer Programming (PIP) algorithm, which we use to
find expressions for the data dependencies inside programs analytically. In chapter 5, we annotate the
parse tree with linear inequalities and describe procedures for setting up the input for PIP.

In chapter 6, we explain the Parametric Integer Programming algorithm and describe how a PIP
problem differs from a classical LP problem.

The output produced by PIP can directly be written in terms of parse trees. In chapter 7, we will
combine the output produced by PIP and construct the parse tree corresponding to the single assign-
ment program, which we write as a procedural program in the MATLAB programming language. The
SAP exhibits the precise dependencies between individual operations. The single assignment program
is an executable program and is functionally equivalent to the original nested loop program.

In chapter 9, we present the piecewise regular DG model. The DG forms the algebraic object on
which the transformation can be applied. The elements of the DG are described by index domains,
which we define by linearly bounded lattices. In chapter 8, we describe the relation between linearly
bounded lattices and the control structure of the single assignment programs outputted by HiPars. We
apply some transformations to parts of the DG of the SVD and obtain thus a virtual array.

In chapter 10, we describe the tool HiCompose, which we have implemented to derive so-called
hierarchical graphs for a given dependence graph. By applying the concept of abstraction we obtain
an overview of the often complex dependence graphs. The number of elements of the hierarchical
graph is directly related to the number of regular pieces in it. In this chapter, we also present the DG
of the SVD algorithm in the form of an hierarchical graph, of which the nodes are graphs themselves.

Often, it is not realistic to implement the DG directly as an architecture, simply because the
number of nodes and edges is too large. To obtain an architecture of reasonable size, we have to
merge or cluster parts of the DG into a single computational node, which we specify by a procedural
algorithm. For this purpose, we have implemented the tool dg2sap, which we describe in chapter 11.

In chapter 12, we discuss how we model procedural algorithms by AST nodes. The nodes of
the structures at which we arrive are generally mutually dependent, which implies that the nodes
must have have temporal behavior. With the AST, we are able to model this temporal behavior. The
resulting networks are thus networks of concurrently operating sequential processes.

Finally, in chapters 13 - 16, we focus on the software engineering aspects of the HiFi system and
show how the system is set up and organized.



Chapter 2

Example of Specification: SVD

2.1 Introduction

Signal processing problems can often be represented in the form of a system of equations Az =
b where the number of equations exceeds the number of unknowns and a least squares solution is
desired. In this chapter, we present the Singular Value Decomposition algorithm which is an attractive
numerical tool to solve such problems. Even if A is square, SVD is attractive if a good control of the
numerical accuracy is desired. The matrix A is usually first converted to a square matrix on which
subsequently SVD is updated. An application in this sense is the so-called angle of arrival or direction
of arrival (DOA).

In practical situations, the matrix A and the vector b are measured quantities, for example snap-
shots of received signals, and these are usually corrupted by noise, interferences or quantization ef-
fects. The SVD, then, can approximately recover clean measures. The numerical properties of the
SVD, such as stability and convergence, are well understood [72].

The outline of this chapter is as follows. In section 2.2, we will give a mathematical introduction
to the SVD algorithm and introduce the odd-even Jacobi algorithm developed by Luk [47], which is
especially suited for parallel implementation. In this dissertation, we will analyze the data dependen-
cies of this algorithm by the tool HiPars [37] [22]. HiPars requires a Nested Loop Program to be
written in the programming environment MATLAB [74]. In section 2.3, we present the MATLAB
program for the odd-even algorithm, which we will use as design example throughout.

A well-known application of the SVD algorithm is in finding the least-squares solution z to Az =
b problem. This is illustrated in section 2.4 by a practical example. In the DOA, the matrix A is build
on observation data. In section 2.4, we discuss the roll of SVD in the DOA problem.

2.2 SVD
The singular value decomposition of a real square matrix A € R™*™ is a product decomposition, con-
sisting of two orthogonal matrices U and V', and a non-negative diagonal matrix . = diag(o1, ...,04)
such that:

A=UxvT (2.1)

The o; are the singular values of A.

21
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There are several ways to compute the SVD. One of the most famous SVD algorithm is the Golub-
Kahan-Reinsch algorithm [31], which first brings the matrix in upper bidiagonal form. We, however,
take an algorithm described by Luk in [47], which is better suited for parallel implementation.

Luk’s algorithm is based on the classical Jacobi algorithm and computes the SVD of a symmetric
matrix A by a series of Jacobi rotations. A Jacobi rotation, denoted J(p, g, 6), is an orthogonal matrix
which equals the identity matrix except for the four entries:

Jpp = cos(0)  Jpq = sin(6)

Jgp = —sin(0) Jyq = cos(0) (22)
The Jacobi algorithm consists of a sequence of operations of the form:
A1 = J(p,¢,9)" AT (p, 4, 0) (2.3)

where the angle 6 is chosen such that the elements a,, and a4, of A are annihilated. For this to
be accomplished 6 must satisfy:

apq + agp

tan(20) = (2.4)
Gqq — Gpp
Let of f(A) denote the Frobenius norm of the matrix A — diag(A):
M M
of f[(A)=3" > aj (2.5)

i=1 j=1j#i

Each step will reduce the of f(Ag1) so that for & — oo, Ay — X.

The order in which the elements are annihilated matters. When the elements are annihilated in a
cyclic-by-row order, convergence is quadratic [28].

Program 2.1 is the cyclic-by-rows Jacobi algorithm [47]. The program ends when of f(A) is
smaller than a predefined small number e.

Program 2.1. JACOBI
while ( off(A) > ¢ ) do
for p = 1ton-1
for ¢ = ptl ton
conpute 6 according to equation 2.4
A=J(p,q,0) AJ(p,q,0)
end
end
end

For non-symmetric matrices, the algorithm is slightly different and is known as Kogbetliantz’
algorithm. In this algorithm the angle in the left-hand side rotation may be different from the angle in
the right-hand side rotation. (2.3), then becomes (2.6).

Api1 = Ji(p,q,01)" ArJa(p, q,02) (2.6)
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and the angles 6, and 6, satisfy:

tan(01 + 02) = M 2.7
Qgq — App
Qpg — G
tan(—6, + 6;) = 2L
aqq + pp

It is easy to see that for the symmetric case, a,, = a4, the two angles are identical.

The cyclic Kogbetliantz algorithm is slightly different from the row-cyclic Kogbetliantz algo-
rithm. In the cyclic Kogbetliantz algorithm only elements of the first upper diagonal are annihilated.
To guarantee convergence, additional left and right permutations are needed. The permutations are
carried out implicitly by shifting the rotation angles by = /2. This permutation scheme was suggested
by Gentleman and is described in [56]. It is easy to show that the order in which the elements are
annihilated is equivalent to the cyclic-by-rows ordering scheme [47]. The algorithm converges when
the angle 65 is constrained to so-called outer rotations: i.e., 7/4 <| 6, |< /2 [28].

Program 2.2 is the odd-even Kogbetliantz algorithm [47]:

Program 2.2. ODD-EVEN
while ( off(A) > ¢€) do

for p = 1ton-1step 2
conpute #; and 62 according equation 2.7
A= J(p,p+1,01)AJ(p,p+1,02)

end

for p=2ton-2 step 2
conpute #; and 62 according equation 2.7
A= J(p,p+1,01)AJ(p,p+1,02)

end

end

An example may clarify the difference between the orderings.

Example 2.1.

Ordering

In this example, we illustrate that the odd-even ordering corresponds with the cyclic-by-rows
ordering taking a matrix A of order 6. Let (p, q) denote the index of an element of A. In the cyclic-
by-rows scheme the elements are annihilated in the following order:

(1,2) (1,3) (1,4) (1,5) (1,6)
(2,3) (2,4) (2,5) (2,6)
(3,4) (3,5) (3,6)
(4,5) (4,6)
(5,6)

The actual ordering in which entries of the matrix are *visited’ is implicit as the loops sweep only
along the first upper diagonal by taking entries (p, p + 1). However, due to the permutations, entries
further away from this diagonal are driven toward it. Thus, entries are moved toward the diagonal
and then picked up whereas in the cyclic-by-rows algorithm, the entries are picked up in-place. To
make the actually picked up entry locations visible, choose #; and 6, equal to 7 /2 so that the rotations
matrices .J become permutations (cos(w/2) = 0 and sin(n/2) = 1). The actual ordering underneath
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the (p, p + 1) ordering in the loops of program 2.2 are then:
(1,2) (3,4) (5,6) (1,4) (3,6)
(2,4) (1,6) (3,5 (2,6) (1,5
(4,6) (2,5) (1,3) (4,5 (2,3)

We see that the odd-even ordering selects the same elements in a slightly different order. Yet, as
far as convergence is concerned, the two programs behave equivalently [48]. O

Note that one sweep (stage) of the odd-even algorithm annihilates elements on the first upper
diagonal. This diagonal has n — 1 elements. The number of off-diagonal elements of an n x n
matrix is n(n — 1)/2. Thus n/2 sweeps in the odd-even algorithm correspond to one cycle in the
cyclic-by-rows algorithm.

For some more information on SVD algorithms we refer to the literature [11] [30] [67] [71].

2.3 MATLAB Program

In this section we, give the nested loop program that computes the SVD according to the odd-even
Kogbetliantz algorithm [47]. HiPars requires a nested loop program to be written in the MATLADB pro-
gramming environment, and in a specific way. More specifically, statements or groups of statements
in the body of the program appear as functions that are called by the program.

We give the MATLAB program below. First, we describe the functions that the program calls to
compute the angles and to perform the row and column rotations. Function Angl e computes the
angles 6; and 65, see program 2.3. If the angle is smaller than | 6 | < 7 /4 we shift it by =/2 such
that the angle becomes an outer rotation and satisfies: 7/4 <| 6 |< /2. This implicitly implements
Gentleman’s permutation scheme [55]. If the sign of the angle 6, (t h1 in the function) is negative,
7 /2 is added otherwise 7 /2 is subtracted.

Function Angl e constrains angle 6;. 1

Program 2.3. ANGLE
function [thl, th2] = Angle (All, Al2, A21, A22)

thsum = atan((A21+A12)/ (A22- Al11));
thdiff = atan((A21-A12)/(A22+A11));

thl= (thsumthdiff)/2;
th2= (thdiff+thsum/2;

if abs(thl) < (pi/4),
if sign(thl) == -1,
thl=t hl+(pi/2);
th2=t h2+(pi/2);
el se
thi=thl+(pi/2);
th2=t h2+(pi/2);
end
end

Convergence has also been proven when the angle 8, is constrained instead [28].
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The computation .J (p, p+1,601)T AJ(p, p+1, 62) essentially operates on entries on the intersection
of rows p and p + 1 and columns p and p + 1.

We introduce functions Rot Rowand Rot Col unm for the row and column rotations, respectively.
See program 2.4 and program 2.5. We have written the functions in matrix form, showing clearly the
row and column rotations. The functions are identical and differ only in their function header.

Program 2.6 shows the piece of code for the row rotations. A similar piece of code is needed for
the column rotations.

Putting things together, we get MATLAB program 2.7 which is a valid executable specification
of the SVD of an M x M real matrix A, according to algorithm 2.2. We have replaced the convergence
test with a for-loop statement whose upper bound depends on a parameter N. As the algorithm has a
quadratic convergence, the iterations can be stopped after a sufficiently large value of N= O(log(M))
of stages [47].

Program 2.7 starts with computing the angles of rotation for odd-indexed rows after which the
corresponding row rotations and column rotations are carried out. Here, the row rotations precede the
columns rotations. A vice versa ordering is valid as well. The program goes through the same steps
for the even-indexed rows.

Program 2.4. ROTRow
function [yl, y2] = RotRow(th, Al, A2)

V2 = [cos(th) , sin(th); -sin(th) , cos(th)];
v = [Al, A2] * V2 ;

yl = v(1);

y2 = v(2);

Program 2.5. ROTCOLUMN
function [y1,y2] = RotColum(Al, A2,th);

B= [cos(th) , sin(th); -sin(th) , cos(th)];
v = B * [Al; A2];

yl = v(1);

y2 = v(2);

Program 2.6. ROw ROTATIONS
for j =1: 1: M
[ a(i,j), a(i+1,j) ] = RotRow(thi(i), a(i,j), a(i+1,j));
end
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Program 2.7. obDD-EVEN SVD
Let N and M be paraneters.

for stage =1 : 1: N

end

for i =1: 2: M1,
[thi(i),th2(i)] = Angle(a(i,i),a(i,i+1),a(i+1,i),a(i+1,i+1))
end
for i =1: 2: M1,
for j =1: 1: M
[a(i,j),a(i+1,j)] = RotRow(thi(i),a(i,j),a(i+1,j));

end
end
fori =1: 2: M1,
for j =1: 1: M
[a(j,i),a(j,i+1)] = RotColum(a(j,i),a(j,i+1),th2(i));
end
end
fori =2: 2: M2,
[thi(i),th2(i)] = Angle(a(i,i),a(i,i+1),a(i+1,i),a(i+1,i+1));
end
fori =2: 2: M2
for j =1: 1: M
[a(i,j),a(i+1,j)] = RotRow(thi(i),a(i,j),a(i+1,j));
end
end
fori =2: 2: M2,
for j =1: 1: M
[a(j,i),a(j,i+1)] = RotColum(a(j,i),a(j,i+1),th2(i));
end
end
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2.4 Applications

24.1 Least Squaressolutionto Az =b

A well-known application of the SVD is to find the least-squares solution of a system of equations
Az = b. We illustrate this by a numerical example.

The SVD is used to compute the pseudo inverse A™ [72] of A which implicitly projects vector b
on the column space of A, yielding ‘best fit” z. This means that, denotinge = b — Az, the solution
2 minimizes the length of e:

Z = avg min|le||2

Let A be an m x m matrix with SVD A = UX V7. Let z be a vector of size n and b a vector of

size m.
The pseudo inverse of A which yields the least squares solution for the system

Ax = b

is given by,

where 37T is defined as

1/oq
1/0’2

when X is

g1
02

0

Note that small singular values will cause large singular values in the pseudo inverse. Therefore,
for numerical reasons, truncation is required.

Example 2.2.
Least Squares
Let the system of equations Ax = b be given by:

1 5 &5 26 25 25 T 16
1 5 10 25 50 100 T2 36
1 5 20 25 100 400 3 | 76
1 10 5 100 50 25 zy | 36
1 20 5 400 100 25 Ts5 76
1 20 20 400 400 400 T6 361
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The SVD of matrix A produces matrices:

0.06 0.00 0.03 053 0.00 -0.84

0.12 -0.13 -0.01 0.58 0.69 0.38
U= 0.37 —-0.69 -0.59 -0.06 —-0.13 -0.04
0.12 0.13 -0.01 0.58 —0.69 0.38
037 069 -0.59 -0.06 0.13 —0.04
0.83 0.00 053 -0.14 0.00 -=0.02
832.20 0 0 0 0 0
0 382.74 0 0 0 0
v 0 0 110.32 0 0 0
0 0 0 9.80 0 0
0 0 0 0 195 O
0 0 0 0 0 0.18
3.3348 3.74  —2.20 8.44 2.57 —42.63

2.5916 250 0.61 —23.81 36.39  —106.51
—-10.9979 —-6.25 10.83 —185.91 141.06 —341.04
4.7980 9.58 —5.79  50.26 —38.68 —95.60
7.1496 9.13 —-9.01 18443 —233.92 —286.53
2.6851 —2.72 —5.87 141.78 41.88 —677.41

vl =

and the solution z = VX TUT is:

2.4.2 Direction of arrival

The aim of the direction of arrival (DOA) estimation problem is the determination of the angles of
arrival of a number of signals impinging on a sensor array [82].

In the ESPRIT model [64][2], the antennas are arranged in a plane and form pairwise identical
sensors. The displacement between the sensors in each pair is constant. We assume that the number d
of impinging signals is less than the number of sensor pairs m [82].

Each row of A € Z™*" contains the sampled signal received by the first sensor of the sensor
pair associated with that row. We assume that the number of samples = is larger than the number of
sensor pairs m. So the matrix has more columns than rows, n > m. For a particular time instant ¢,
the following equation holds

ag :HSt

where a; is the ¢-th column of A, H is an m x d transfer matrix and s; is the ¢-th column inthe d x n
matrix S whose rows are the sampled signals impinging on the sensor array. The SVD is used here to
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estimate d, and to provide the column space of H as well as the row space of S. This, however, must
be done in the practical situation that the equation a; = H s; is actually of the form

&t :Hst—i-nt

where n; is the ¢-th column of an m x n noise matrix.
Thus the receiver in the DOA system makes an estimate of the number of signals by looking at the
singular values of the matrix A. Large singular values correspond with the signals of interest, small

singular values are assumed to originate from the noise.
T

U and V7 are partitioned as [U; | U,] and KST where the s — n seperation corresponds to a
n

partition of 3 in a block of ‘large’ singular values and a block of ‘small’ singular values. For instance,

for the matrix A of example 2.2 we would take U; and V;!' of rank three. Generally speaking, we

thus have

Y 0 vr
[ ][5 ] s
where the number of columns of U is equal to the number of signals d impinging on the array.
The set of second sensors in the antenna array provide a second set of equations [82].

A'=H®S

(or A’ = H®S + N’ in practice), where ® is a diagonal matrix which contains the directions that
have to be estimated. The matrix ®, hence the directions, can be obtained by solving a generalized
eigenvalue problem, see [82].

2.5 Conclusions

In this chapter we have given an example of how algorithms are specified in the H:Fi environment.
The specification A = ULV is an input-output behavior specification, which, for reasons of vali-
dation ability, is replaced with an executable specification. This specification is a program written in
the MATLAB environment and in a pre-specified way. We have worked out such a specification and
chose it an odd-even ordering algorithm proposed by Luk. It is worthwhile to emphasis again that
any feasible executable specification can be accepted. Thus, a cyclic-by-row version would also have
done. Although this does not imply that all possible implementations for the SVD can be derived
from any arbitrary executable specification, it is sometimes possible to transform an executable spec-
ification into another one by relying on certain rule-based algorithmic transformations. Such methods
could be implemented in tools which might be included in HiF'i’s transformation toolbox. An exam-
ple of such algorithmic transformations in the SVD context can be found in [85] where it is shown
that a cyclic-by-rows SVD program can be so transformed that an input-output equivalent program
results that has a dependence graph which differs in a non-trivial way from the dependence graph of
the original one. In fact a whole class of input-output equivalent programs can be so derived and this
class contains as a matter of fact the odd-even ordered SVD algorithm which we took as the reference
executable specification in this chapter.

Because the variable dependencies of the SVD are complex, we start with the data dependence
analysis of a part of the SVD program, i.e., the loop stages responsible for the column and row
rotations. This subprogram is still interesting because of the step size greater than one in the loops.
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The MATLAB functions will not be parsed. The resulting single assignment program is given in
chapter 7. In chapter 9, the result is expressed in the dependence graph model. Finally, the complete
data dependence analysis of the SVD is presented in chapter 10.



Chapter 3

A Class of Nested Loop Programs

3.1 Introduction

In the introduction, we stated that HiPars is a tool that can analyze certain nested loop programs and
produce a description of the program’s data dependencies. In this chapter, we define the class of
nested loop programs that can be analyzed. We do that in terms of parse trees, which are also the
internal data structure of HiPars.

Parse trees are extensively used in the domain of computer science dealing with syntax rules and
language specifications. In that field, a language is written in terms of a grammar [10]. A grammar
gives us the mechanism for translating a program description into a parse tree. Further, the grammar
will check whether the syntax of the program is correct. In this chapter, we define procedures on this
parse tree which are used by the tools of the HiF'i system.

Our main objective is to define the syntax of the class of nested loop program we have in mind.
Pieces of such programs are represented by specific types of nodes in the underlying parse tree.

3.2 Nested Loop Programs

To introduce the subject, consider program 3.1 which is an executable specification of a convolution
of two vectors, a signal z and an impulse response h:

P—1
VP <i< N:y(i) =Y a(i—j)h)
j=1
The program consists of two loop statements and a function-call statement in its loop body.

Program 3.1. CONVOLUTION

Let P and N be paraneters such that N> P > 1.

Let mul add be a function conputing y=az+b.

Let y, x, and h be real vectors of dinension, N+P—-1, N+P—-1, and P—1, respectively.

for i = Pto N,
for j = 1to P-1,
[y(i)] = muladd(y(i),x(i-j),h(j));
end
end

It is characteristic of nested loop programs that a relatively small number of statements are re-
peated many times in a lexicographical ordering. Typically, the number of repetitions or iterations in

31
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a program depends on the size of the input data. To make a program description independent of the
size of the input data, we introduce parameters which stand for their possible size. In program 3.1, the
number of iterations depends linearly on the parameters P and N. These parameters and the variables
in programs have to be properly declared and initialized.

Although we allow programs to be parameterized, the parameters must be manifest, that is, known
at compile time. In other words, programs must have static control. Control may not depend on the
value of the variables actually processed. Although this is a major restriction, the class of signal
processing algorithms having static control is huge. The SVD program, given in the previous chapter,
belongs to this class.

We allow the following type of control statements:

¢ loop statements
e conditional statements

The loop statement forces repetition of the statements inside the loop body a number of times and
in a particular order. After each loop the loop iterator is incremented with the step size or stride. 1

The conditional statement is used to conditionally execute blocks of statements. It is of the form:
i f condition,

t hen-block of statements

el se-block of statements
end
The condition is a Boolean expression. If the condition is true, the block of statements of the t hen
part will be evaluated. If false, the block of statements of the el se part will be evaluated.

Apart from control statements, a program may consist of assignment statements, which take the
form of function calls. One or more variables are taken as arguments of the function, and the result
of the function is assigned to one or more variables on the left of the assignment sign. We require
functions to be mathematical functions. In other words, we assume that there are no side effects.

Function calls allow us to specify programs hierarchically. The function specification itself is not
parsed. However, when the body of the function is also expressed as a nested loop program, HiPars
can analyze this one as well.

Expressions inside loop bounds and inside conditions must be "affine’ (see chapter 5 for a defini-
tion) expressions on the program’s iterators and parameters (for a precise definition see further).

To illustrate the class of programs that can be written in terms of the statements introduced above,
we give two examples.?

Program 3.2 shows that assignment statements may be placed between loop statements.
Program 3.3 illustrates the use of conditional statements. 3

3.21 Variables

The memory inside the nested loop programs consists of variables. We assume that variables with
different names do not overlap in memory. Again, variables have to be declared and initialized.

Variables are referenced in the function-call statements. In a function call the variables on the
right-hand side (RHS) of the assignment statement are read and taken as input arguments. The result
of the evaluation of the function is assigned to the variables on the left-hand side (LHS).

LA step size equal to 1 is commonly not given explicitly in a program. Thus in program 3.1, both step sizes are 1.
2A program does not have to be a perfect nested loop. It may consists of several loop stages.
3The two example programs are derived from the LDU and QR algorithms [31], respectively
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Program 3.2. ASSIGNMENT STATEMENTS
Let F1 and F2 be functions.

Let a and h be variable arrays.

Let N be a paraneter.

for k = 1to N1,

for j = k+1 to N,
[h(k,j)] = Fil(a(k,j),a(k,k));
for i = k+1l to N,
[a(i,j)] = F2(a(i,j),a(i, k), h(k,j));
end
end

end

Program 3.3. CONDITIONAL STATEMENTS
Let F1 and F2 be functions.

Let A and phi be variable arrays.

Let Mand N be paraneters.

for i =1to N1,
for j =i+l to N,
for k =i to M
if k <=1,
[AC, k), AG, K), phi(i,j)] = FL(AGT, K), AT, K))
el se
[ACT, k)AL k)T = F2(A(T, k), A(j LK), phi(0,]));
end
end
end
end

We require variables to be of type array. A variable array is a collection of variables. Each
variable in the array is identified by the name of the array and a unique index.

Let v be a variable array of dimension d. Let ({4, ..,14) be an index vector. Then a generic variable
of the array is v(l4, .., 14). The value of a variable is of a certain data type. Examples of data types are
Fl oat and | nt eger.

The variables appearing in the program are of the form v[f (I, P)], where I is the vector build on
the iterators and P the vector build on the parameters. The function f is called the indexing function.
We require the indexing function to be affine’, see chapter 4, section 4.3, for a definition.

Typically, variables are assigned several times in nested loop programs. Each time a new value is
assigned to a variable, the old value will be lost.

3.3 Index Transformation Statements

Programs may contain transformation statements by which nonlinear index transformations can be
specified, which are often called quasi-linear operators.
Let a stand for a linear expression.
Let b be a positive integer.
The transformation statements that can be accepted by HiPars are:

e g = div(a,b);
with di v the integer division operator, and b the divisor.

e g = nod(a,d);
with nmod the modulo operator, and b the remainder.
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e g = floor(a);
with f | oor the floor operator, where a may have fractional coefficients.

e g = ceil(a);
with cei | the ceil operator, where a may have fractional coefficients.

e ¢ = equal (a);
with equal the identity operator, used to specify linear transformations.

Observe that, apart from the equal operator, all the operators are nonlinear operators.

The variable ¢ may be used inside expressions of a program. They are, just as the loop iterators,
control variables inside the program. The scope of a control variable is the block of statement in
which it is introduced. Expressions may be nested. This means that the expression a of an operator
may depend on the control variables defined by other transformation statements.

As said, with these statements we can specify nonlinear index expressions. For example, the index
transformation ¢ = [ (2 x4 — j)/3] is specified by:

g = floor(2/3*i-j/3)

Remark The appearance of non-linear index transformations does not violate the condition, in-
troduced in the previous subsection, that expressions must be affine. This is clearly illustrated in the
following example, program 3.4.

Program 3.4. INDEX TRANSFORMATION STATEMENTS
Let F1 and F2 be functions.

for i =1to Mstep 2,
for j =1to Mstep 2,
P4 = pod(i, 3);
if P4==0,
[a(i,j)] = F1();
end
P6 = nod(j, 3);
if P6==0,
[[1 =F2(a(i,j));
end
end
end

3.3.1 Transformation Operatorsin Expressions

For ease of programming, we accept that the nonlinear index transformations appear within expres-
sions, including in indexing functions of variables. This violates the earlier affine conditions. How-
ever, HiPars will automatically restore these conditions.

For instance, we can rewrite program 3.4 as program 3.5, listed below, with the modulo operators
in the conditional expressions.

If transformation operators occur in expressions, HiPars preprocesses the program to replace
transformation operations in expressions by variables that are produced by transformation statements,
that is, HiPars converts program 3.5 to program 3.4. Thus, HiPars substitutes each operator in
an expression by a control variable and inserts an appropriate transformation statement defining the
control variable just before the expression. After the substitution, affine expressions on the control
variables result. For instance, the expression 2* nod(j , 3) - 1 will be preprocessed to 2* p- 1 and
an additional transformation statementp = nod(j, 3).
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Program 3.5. OPERATORS IN EXPRESSIONS
Let F1 and F2 be functions.

for i =1to Mstep 2,
for j =1to Mstep 2,
if nod(i,3) == 0,
[a(i,j)] = F1();
end
if nod(j,3) == 0,
[1 =F2(a(i,j));
end
end
end

3.4 Parse Trees

We represent a nested loop program by a parse tree. In this subsection, we introduce some parse
tree definitions and notions. We adopt the definitions from [10] which we quote literally, for ease of
reference.

We define trees as graphs with special properties.

Definition 3.1. GRAPH

A graph G = (V. E) consists of a nonempty set V' of nodes and a set £ of edges such that each
edge corresponds to a unique unordered pair of distinct nodes {u,v} and no more than one edge
corresponds to {u,v}. The sets V and £ are assumed to be finite. O

Definition 3.2. PATH
A path from node v to node w in a graph is an alternating sequence of nodes and edges (v, €1, v1, €2, V2, .., €n, V)
where vg = v, v, = w, and each edge ¢; joins nodes v;_; and v; fori =1,...,n. O

Two nodes u and v of the graph are connected if a path exists between the two nodes. A path is
called a simple path if there are no repeated edges.

Definition 3.3. TREE
A tree is a graph such that there is a unique simple path between each pair of nodes. O

If a graph consists of only simple paths, then the graph is a tree. Trees are very useful to represent
hierarchical data structures and are used quite often to analyzing algorithms [10]. A tree with a
unique node designated as the root, is called a rooted tree. We will denote the root by the symbol Q.
Henceforth, every tree is a rooted tree. An example of a tree is depicted in figure 3.1.

The level of a node is the number of edges in the path to the root. For example, node d is at level
2. We say that we go down the tree when we go to a node with a higher level. When we go to a node
with a lower level, we say that we go up the tree.

We say that node v is a child of node v if the level of v, is one higher than the level of v5. Node
v9 is the parent of vq if vy is a child of v5. The descendants of a node are all the nodes of higher
level that can be reached by a path from this node. The descendants of d in figure 3.1 are the nodes
e, f, g, h. The ancestors of a node are the nodes in its path to the root. The ancestors of b in figure 3.1
are @, a. If two nodes have the same parent, we call them siblings. A node with no children is called
a leaf.

Observe that according to definition 3.3 there is a unique path from the root to any node v in the
tree. From this follows that each node has exactly one parent.
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Figure 3.1. Example of a rooted tree.

3.5 Modeling Programs as Parse Trees

We model programs by representing them as parse trees. Nodes of the parse tree represent pieces
of the program, such as statements, functions, variables, and parameters. Edges represent logical
relations between the nodes according to the structure of the program.

The following types of nodes are used to represent statements:

e a For-node to represent a loop statement

e an If-node to represent the t hen part of a conditional statement

e an Else-node to represent the el se part of a conditional statement

e a Function-node to represent a function in a function-call statement

e an End-node to represent an end statement, which indicate the end of a block of statements. 4

The rules to construct the parse tree are as follows. Each statement of the program is parsed and a
node of the appropriate type is introduced. The parent of a statement node is the node representing the
control statement of the block of statements in which the statement appears. When there is no control
statement, the node becomes a child of the root. After processing all the statements in this manner,
we have obtained the parse tree.

Observe that the level of a node corresponds with the nesting level at which the statement appears.
Functions are represented by Function-nodes, which are leaves of the tree.®> The nodes in the path
from a Function-node to the root represent the active control statements for the function.

According to these rules, HiPars derives parse trees from nested loop programs. Figure 3.2
shows the parse tree derived from the SVD program 2.7. The st age loop statement is the first

4End statements are modeled by End-nodes in parse trees. However, we do not draw End-nodes in figures of parse trees
as they are implicitly defined by the tree structure.
51f variables that are used in functions are considered explicitly than they will become leaves. See next section.
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statement and becomes a child of the root. Its loop body consists of six loop stages. Two loop stages
for computing the angles, and four loop stages for carrying out the rotations.

The parse tree reveals precisely the control structure of the program. For instance, Function-
node Rot Row has as ancestors two For-nodes that are different from the ancestors of function-node
Rot Col ummn, but share the For-node st age. This resembles exactly the control structure of the
program, in which function Rot Row is nested in other loops than function Rot Col urm, but they
have in common the loop statement with iterator st age.

ROOT

Stage

i i i i i i
Angle ] i % Angle M j j
RotRow RotColumn RotRow RotColumn

Figure 3.2. The parse tree of the SVD program.

Expressions in a program must be linear expressions in which only the operators addition, multi-
plication and subtraction are allowed. In chapter 5, we precisely formulate the type of expressions
that can be used. Expressions are represented by the nodes corresponding to the parts of the pro-
gram in which the expressions occur. This means that For-nodes model the lower and upper bound
expressions, If-nodes model the conditional expressions, etc.

351 Variable-nodes

We represent each occurrence of a variable in the program by a Variable-node. To make a distinction
between the variables on the left-hand side (LHS) and those on the right-hand side (RHS) in a function-
call statement, we introduce the LHS-node and the RHS-node. They are siblings and children of a
Function-node.

A Variables-node has as parent node either a RHS-node or a LHS-node, depending on the position
of the variable in the function-call statement. Figure 3.3 shows a subtree modeling a function-call
statement.

Figure 3.3. Tree structure of a function-call statement. Variable-nodes are children of
LHS/RHS-nodes.
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3.5.2 Parameter-nodes

In order to use HiPars, we have to declare the parameters used in the program by means of declara-
tion statements, which are of the form:

%paraneter NAMVE | b ub ;

In each declaration statement, we declare the name of a parameter and its range which is specified
by two integer constants | b and ub, with | b the lower bound and ub the upper bound. We represent
a parameter by a Parameter-node which is inserted as child of the root of the parse tree. Figure 3.4
shows the root of a tree with parameter nodes as children.

N
\
\

Figure 3.4. Parameter nodes are children of the root node.

To summarize, we have introduced so far the following types of nodes:

Types of Nodes
For-node
If-node
Else-node
End-node
Function-node
RHS-node
LHS-node
Variable-node
Parameter-node

3.5.3 Index Transformation Statement nodes

We model transformation statements by employing the following types of nodes:
e DIV-node

MOD-node

FLOOR-node

CEIL-node

EQUAL-node
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ROOT
i
i
P4
if -P4 P6
F1 if -P6
F2

Figure 3.5. The parse tree of program 3.4.

Transformation nodes are control nodes. This means that HiPars treats them as such in the
construction of a parse tree. Typically, they are internal nodes of the parse tree. A control node
represents a control variable and its definition. The scope of the control variable is the block of
statements in which it is declared. The parse tree of program 3.4 containing two modulo operations is
shown in figure 3.5. The nodes labeled P4 and P6 are the nodes that represent the modulo operators.
Observe that control node P6 appears only in the control path of Function-node F2.

3.6 Conclusion

We have defined the subclass of programs that HiPars can take as input. Many signal-processing
algorithms can be expressed by programs that belong to this subclass. The control of these programs
must be static but may depend on manifest size parameters. Expressions inside programs must - at
least implicitly - be affine, which is required because of the method HiPars uses to find the data
dependencies. Thus to support more complex index expressions we allow non-linear index transfor-
mations, which are interpreted by HiPars in such a way that expressions become explicitly affine;
see chapter 5. Programs are written in a procedural programming language in the MATLAB environ-
ment.

By insisting on the use of function calls, programs are hierarchical. HiPars does not automat-
ically parse the body of a function. However, when a function is also specified by a nested loop
program, HiPars can analyze the body of the function as well.

Programs have been represented as parse trees. The structure of a parse tree resembles clearly the
control structure of a nested loop program. Typically, the internal nodes of the parse tree are the nodes
representing the control statements and the leaves are subtrees, consisting of function and variable
nodes representing the function-call statements. The parse tree forms the internal data structure of
HiPars.
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3.6 Conclusion




Chapter 4

Data Dependencies

4.1 Introduction

In nested loop programs the order of execution of functions is sequential and is completely determined
by the program’s control statements.

The given sequential ordering is not the only possible ordering in which the functions can possibly
be evaluated. There may be, and in most cases there actually are, other orderings of the functions for
which the algorithm has the same input-output behavior. In particular, functions are ready to evaluate
and could do so as soon as their arguments are available. Arguments are passed between functions via
the variables. Argument passing imposes precedence relations on the functions and define a partial
order. We call these precedence relations data dependencies.? Once the data dependencies are known,
the parallelism inside the program can be exploited.

The outline of this chapter is as follows. In section 4.2, we describe formally the sequential order
in which the functions are evaluated in nested loop programs. In section 4.3, we give a formal defi-
nition of the notion of a data dependency. Finally, in section 4.4, we formulate the data dependency
problem and outlining the procedure to solve it.

4.2 Lexicographical Ordering

We define the ordering of functions through the ordering of the iterations at which they are evaluated
and their textual positions in the program.

The ordering of the iterations is determined by the loop statements and is called lexicographical
order [9]. We denote the lexicographical order by <. The vector consisting of the control variables,
typically loop iterators, is called iteration-vector. A particular instance of an iteration-vector is called
an iteration. The set of iterations is called the index or iteration space.

Let I = (iy,...,in)" and J = (j1, ..., Jn)" be two iterations in the same index space. The relation
I < J, means that iteration I precedes iteration .J.

Formally,
(V1 < g <prig=jg) Nipp1 <jpr1 = I <J (4.1)

Example 4.1.
Lexicographic Ordering

In general data dependency may include data-dependent conditions. As we do not allow such dependencies to occur,
confusion is excluded.

41
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Figure 4.1. The lexicographic ordering of the iterations.

Consider the nested loop program 4.1. The iteration-vector of this program is I = (i,5)” . Figure
4.1 shows the lexicographical ordering in which the iteration-vector passes through all the iterations.
Just follow the arrows starting at (0, 0). O

Program 4.1. LEXICOGRAPHIC ORDERING
Let F1 and F2 be arbitrary functions.
Let a and b be array vari abl es.

for i =1to 5,

for j =11to 5,
[ Fl(a(i,j));
F2(b(i,j));

When functions are called within a single loop body, the iterations at which they are evaluated can
be equal. For instance, in program 4.1, F1 and F2 are both evaluated at I = (4, 4)”". This means that
equation (4.1) is not sufficient to determine the ordering of functions. We have to take into account,
in addition, the position of the functions in the text of the program.

Let A(I) and B(J) be two arbitrary statements of a nested loop program. We define a Boolean
function T'(A, B) to determine the textual order of statements. 7' is true when statement A precedes
statement B in the text, else 7" is false. Thus when p = n in (4.1), the precedence relation between
the two statements is resolved by T'(A, B).

When function-call statements appear in different loop bodies, they will have different iteration-
vectors, that is, they appear in different iteration spaces. When two iteration spaces say Z and 7 have
an intersection, then the two corresponding iteration-vectors, say I and .J, have a common sub-vector.
This sub-vector is called the common nesting vector of I and J. The dimension of this vector is called
the common nesting level ¢. The value of ¢ is composed by means of procedure 4.1 below.

Procedure 4.1.

Find Common Nesting Vector

Let A and B be two nodes of the parse tree. To determine the common nesting vector of A and B,
we derive the path from node A to the root and the path from node B to the root. Then, the procedure
searches for common for-nodes in the two paths, starting from the root-node. The common nesting
vector is formed by the loop iterators annotated by the For-nodes that are in both paths. The size of
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this vector is the common nesting level ¢. The procedure ends when two For-nodes are found that are
not the same. The procedure is outlined below.

find path from node A to the root
find path from node B to the root
while nodes in both paths are equal {
if node is For-node {
update common iteration vector

}

select the next node in both paths

|

With the iterator lexicographical ordering ( 4.1) and the notion of a common nesting level of
function-call statements, we can define the lexicographical ordering of functions.

Definition 4.1. LEXICOGRAPHIC ORDER

Let I = (i1,...,in)" and J = (j1,...,5m)" be two iterations, and A(I) and B(J) two function-
call statements.
Let ¢ be the common nesting level of A and B.

Then, we say that A(I) precedes B(J) lexicographically, denoted A(I) < B(.J), if one of the
following hold

e c=0AT(A,B)
o (V1< q<p:iig=jg) Nipy1 < Jps1
e (V1<qg<p:ig=j,) Ap=cANT(A B)
O

When ¢ = 0 the two statements have no iterators in common and the order is determined solely
by the textual order T'(A, B).
T(A, B) also determines the ordering when p = c.

By applying definition 4.1 for each value of p in the range [1, ..., c|, we get all together ¢ + 1
disjoint cases. We call this process lexicographical expansion.

4.3 Data Dependency

In the introduction to this chapter we noticed that a data dependency originates from argument passing
between functions. Data dependencies thus result from referencing variables during the function calls.

A function call involves three things. First, variables on the right of the assignment statement are
read. Secondly, the function operates on these values and produces output data. Thirdly, the output
data is written to the variables on the left of the assignment statement. A data dependency means that
a function operates on the value that is the result of the evaluation of another function.

We speak of a write access when assigning a variable a value. We speak of a read access when
reading the value of a variable. A data dependency can only result from a read and a write access to
a variable of the same name, since we assume that variables with different names do not overlap in
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memory. LHS variables are read, RHS variables are written to. We refer to a LHS variable and a RHS
variable of the same name as a read-write pair.

We denote a variable by v(f(I)), with v the name of the variable, and f(I) a function on iteration-
vector I defining the index of the variable. This function is called the indexing function. The dimen-
sion of the variable does not have to be the same as the dimension of the iteration-space. Let A be an
integer matrix and ¢ an integer constant vector 2 of appropriate size. We require the indexing functions
to be affine functions:

f(I,P)=Al +¢ (4.2)

Example 4.2.
Indexing Function
Let the iteration-vector be (4, §, k)”". The indexing function f(I) of the variable a(j + 1, k) is

010y, /[" 1
<001) 2+<0) (4.3)

|

Now we formulate the conditions under which two functions are said to be directly data (variable)
dependent.

Definition 4.2. DIRECT DATA DEPENDENCY

Let v be a variable array. Let A be the function reading variable v(g(.7)) with indexing function
g() at iteration J. Let B be a function writing to variable v(f(Z)) with indexing function f() at
iteration 1.

Function A is direct data dependent on function B if the following three conditions hold:

L f(I) = g(J)
2.1 <J
3. I is the lexicographical largest iteration satisfying the first two conditions.
0

In the sequel, we mean direct dependency when we say dependency, except when stated otherwise
explicitly. The first condition in definition 4.2 says that the functions must reference the same element
of the array. The second condition says that the function writing to the variable must precede the
function reading it. The third condition says that an iteration I’ lexicographical farther away than I
that satisfies the first two conditions does not exist.

Program 4.2. DATA DEPENDENCY
Let F1 and F2 be functions.

for i =1to 5,
[A(i +2)] = F1(B(i+1));
[B(i)] = F2(A(i));

end

The next example analyzes this program with respect to data depedendencies.

2The constant vector may be parametrerized. See also chapter 5
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Example 4.3.

Data Dependency

We investigate by enumeration if there are data dependencies inside program 4.2. Function F1
reads RHS variable B(i +1) and writes LHS-variable A(i +2) . Function F2 reads variable A(i )
and writes variable B( i ) . So there are two read-write pairs: <A(i ), A(i +2) >and <B(i +1), B(i ) >.

A(i+2) A() B(i) B(i+1)
A@B) A1) B@O) B
A4 A@Q B(@) B@)
A(G)  A(B) BR) B
A(B) A4 B(4) B()
AT A(B) B() B()

GO WN P

The table lists the variables that are referenced for each value of the loop iterator 2, 1 < i < 5. The
iteration vector I = (4) is one dimensional. For instance, at iteration I = (1) variable A( 3) is written
and variable A( 1) is read. At iteration I = (3) the variable A( 3) is read. Thus the two iterations are
data dependent. Similarly, we find that the iterations 7 = (2) and I = (4) and the iterations I = (3)
and I = (5) are data dependent.

There are no data dependencies for variable array B because the read accesses to B always precede
the write accesses. This violates the second condition for data dependency.

|

To illustrate the third condition of definition 4.2, we use program 4.3.

Program 4.3. THIRD CONDITION OF DATA DEPENDENCY
Let F1 be a function.

for i =0 to N,
for j =0to N,
[a(i+i)] = F1(a(i+));
end
end

This program has the read-write pair <a(i +j ), a(i +j ) >. Assume the program is at iteration
I = (2,1)T, where the function reads variable a( 3) . We want to determine at which iteration this
variable was produced.

Figure 4.2 shows all the iterations of program 4.3, in which we have also drawn the line i + 5 = 3
defining the iterations (i, )7 writing to variable a(3) . To find the lexicographical largest iteration
on the line i+ 5 = 3, we have depicted the lexicographical order of the iterations of the program given
in figure 4.3.

By enumeration, we find that the variable a( 3) is written at the iterations: (3,0)7, (1,2)” and
(0,3)T. By inspecting figure 4.3, we find that iteration (1, 2)7 is the lexicographical largest iteration
writing a( 3) . We conclude that iteration (2,1)”" is dependent on iteration (1,2)7".

4.4 The Data Dependency Problem

The objective is to make the data dependence structure of the program explicit and to model it by a
dependence graph. This requires that we know exactly for any iteration J in the program on which
iteration 7 it is dependent. Observe that this requires more than a dependency test. In a dependency
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Figure 4.2. Iteration space of program 4.3 with superimposed on it the line i + j = 3.

Figure 4.3. Lexicographical ordering of iterations in program 4.3.

test, we only check whether two iterations are dependent but do not provide detailed information about
the dependency.

It turns out that the data dependency problem can be formulated as an integer linear programming
(ILP) problem. The first two conditions for data dependency define a set of feasible iterations I on
which J may be dependent.

The solution is the lexicographical largest iteration of this set. However, the problem is more com-
plex as the solution will in general be depending on J. We can solve this problem by a parameterized
integer linear programming procedure (PIP), which finds the solution as an affine expression on J
[25] [26]. When no solution is found, there is no data dependency.

A complete data dependence analysis of a program involves finding the dependencies for all the
RHS variables appearing in the function-call statements. When there are several LHS variables with
the same name as the RHS variable, there are several read-write pairs of the same RHS variable.
HiPars calls PIP to solve the data dependency problem for each read-write pair separately. After
that, the solutions found for each read-write pair are combined in order to satisfy the third condition
of data dependency.

HiPars uses procedure 4.2 to find all the read-write pairs. For example, according to this
procedure, HiPars finds 120 read-write pairs for variable a in the SVD program 2.7.



Data Dependencies 47

Procedure 4.2.

Find read-write pairs

This procedure returns the read-write pairs of a program by doing a Depth First Search (DFS) of
the parse tree of the program. In a DFS search procedure the variables are found in the order in which
they appear in the text. For each RHS variable, the procedure applies a DFS search for LHS variables.
If the name of a LHS-variable is equal to the name of the RHS variable, we have found a read-write
pair. Procedure 4.2 is outlined below.

for each RHS variable in DFS order {
for each LHS variable in DFS order {
if LHS variable name = RHS variable name {
add read-write pair

}
}
}

4.5 Conclusion

We have formulated the conditions under which functions in nested loop programs are depending
on each other through read-write operations on variables. We have taken into account the fact that
functions may appear in different loop bodies. In such a case it is necessary to determine the common
nesting level. When statements appear in the same loop body, the textual position of the statements to
resolves their ordering.

We have also mentioned that the analysis involves finding closed expressions for the dependencies.
The analysis is thus much more than a data-dependency test. The data dependency problem can be
formulated as an LP problem, which can be solved by PIP that outputs the expressions for the data
dependencies.

In chapter 6 we explain PIP, which is used to find the dependencies for each read-write pair
separately. In chapter 7, we combine the solutions found for the individual read-write pairs of a RHS
variable and come up with the overall solution of the data dependency problem.
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4.5 Conclusion




Chapter 5

Annotating the Parse Tree

5.1 Introduction

We solve the data dependencies inside nested loop programs by the linear programming algorithm
(PIP). PIP’s input must be in the form of system of inequalities, which specify a parameterized set of
iterations.

In chapter 3, we explained how a nested loop program is modeled by a parse tree. In this chapter,
we annotate the nodes of a parse tree with linear inequalities in order to specify the input for PIP.

The inequalities annotated by the nodes in the path from a particular node to the root define the
set of iterations for which the corresponding statement in the nested loop program is reached. We
call these sets iteration domains. By doing this for the function-call statements, we define the sets of
iterations at which the read and write accesses to variables take place in a nested loop program.

As PIP’s input consists of a set of linear inequalities, we have to model the non-linear transforma-
tion operators inside nested loop programs by linear inequalities. In addition, we have to do this when
the stride of the loop statements is greater than one. We give the linear inequalities for each of these
cases.

We begin this chapter by introducing some notations and definitions of the field of Linear Pro-
gramming [52].

5.2 Notation and Terminology

First of all, we denote the set of integers by Z and the set of reals by R.
Let a = (a1, a9, ...,a,)T € R™ be a vector and ¢ € R be a constant, and let I = (1,49, ...,in)"
be a vector of variables taking values in R™. Then an affine expression is an expression of the form:

a1t + agtg + ... + apiy +c (5.1

Or, in vector notation:
al +c¢ (5.2

Based on this definition, we define a linear inequality as:
al +¢>0 (5.3)

An inequality with a smaller than or equal to operator, <, can be transformed to the form of
equation 5.3 by taking its negative.

49



50 5.3 The iteration domain

We define an integral polytope as a bounded set of points & taking values in Z™ specified by a
system of linear inequalities. A polytope defines a complete set of integer index points. Let m be the
number of inequalities. With A an m x n integer matrix and C a vector in Z™, we define an integral
polytope e by [52]:

e={keZ"|Ak+C >0} (5.4)

We allow the constant vector b to depend on the program’s size parameters. More precisely, b may be
an affine expression on these parameters.

Let P be the vector of parameters and let p be the number of parameters. With D € Z™ a constant
vector and a matrix B € Z™*P, we write C as:

C=BP+D (5.5)

We use the term domain when we require the points I to lie on a lattice. With L an n x m integral
matrix and O € Z™ an integral vector, we define a lattice as:

I = Lk+O (5.6)

We call O the offset of the lattice and the columns of L the lattice vectors.
A domain is defined by a lattice and a polytope:

{(I€Z"|I=Lk+0,Ak+C >0} (5.7)

We say that the lattice points I are generated by the columns of L, with the variables of & bounded
by the polytope.

A domain is dense when it includes all integer points I € Z™ inside the polytope. When not all
integer points inside the polytope are included, we call the domain sparse. This means that the lattice
constraints filter out points of the polytope.

5.3 The iteration domain

We refer to the set of iterations at which a statement is reached in a program as the iteration domain
of the statement. In particular, we want to specify the iterations at which read and write accesses to
variables take place.

We specify sets of iterations by polytopes of the form of equation (5.4).

To obtain these polytopes, we annotate the nodes of the parse tree representing the nested loop
program by linear inequalities. In the following two sections, we define these linear inequalities for
each type of node. After we have annotated the nodes of the parse tree, we easily derive the polytopes
from the parse tree by procedure 5.1.

The polytope of a node’s iteration domain is formed by the inequalities of the nodes in its path
to the root. This procedure can be used to derive the polytope for any node of the parse tree, but is
mainly used for finding the polytopes for the LHS and RHS variables.

Procedure 5.1.

Derive Polytope Let N be an arbitrary node of the parse tree. The procedure finds the iteration
domain of N by collecting the inequalities of the nodes in the path from IV to the root. Together the
inequalities form the polytope e of the iteration domain. The procedure is outlined below.
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for each node in the path from node NN to the root {
add linear inequality to polytope e
}

|

Each point in a polytope represents an iteration of the nested loop program. The number of points
in a polytope is equal to the number of times the corresponding statement of the program is evaluated.

The dimension of the iteration domain depends on the number of For-nodes in the path. When
there are ¢ For-nodes in the path, we say that the nesting level of the node is ¢. The iteration vector
I = (i1, ..., 1¢) of the iteration domain consists of the iterators of the loop statements.

5.4 Annotating the parse tree

Below, we annotate types of nodes by inequalities that belong to dense iteration domains. In section
5.5, we annotate the remaining types of nodes belonging to nondense iteration domains.

The types of nodes are annotated as follows:

e Parameter-node

Let p be a parameter represented by a parameter-node. The value of p must be an integer
between integer constants ¢; and co, with 1 < ¢ < ¢s.

A parameter-node is annotated with the inequalities:
¢ <p<ec (5.8)

e For-node, stride equal to one

Let 7 be the iterator of a loop statement represented by a For-node. Iterator 4 is bounded by the
lower bound expression [ and upper bound expression u, with / and « affine expressions on the
parameters and the outer loop iterators.

When the stride is equal to one, a For-node is annotated with the inequalities:
[<i<u (5.9

e |If-node
An If-node is annotated with its conditional expression, which is of the form:

al+C>0 (5.10)

e Else-node

An Else-node has always a corresponding If-node in the parse tree. Let the inequality of the
If-node be given by equation (5.10). Then, an Else-node is annotated with the inequality:

al +C <0 (5.11)

Since every expression in nested loop programs must be an affine expression, we call them affine
nested loop programs. Below, NLP stands for affine nested loop programs.



52 5.5 Nondense Domains

,
s o
,

,
g o o
/

N
35 o o o o o o &
N
N
¢ o o o o o o o e
N
N
b-—o0---6-9--0--6-9- -0 -0

N
6 o o o o o
N

N
© o o o o Yo

N
® o o o b

1 g -6-o0- o0 —

Figure 5.1. Iteration domain of program 5.1

Example 5.1.

Iteration domain

We derive the iteration domain of the function-call statement in program 5.1. The nesting level
of the statement is two. Each loop statement results in two inequalities, one for the lower bound and
one for the upper bound. With the inequalities for the range of parameter M, polytope e is specified

by:

i -1 >0
—i +M >0
—i 43 >0
Y >0 (5.12)
M >0
-M 425 >0
We have depicted the iteration domain in figure 5.1. O

Program 5.1. ITERATION DOMAIN
Let F1 be a function.
Let M be paraneter with range 0 <M < 25.

for i =1to M
for j =i to M
[a(i,j)] = F1(a(i,j));
end
end

5.5 Nondense Domains

When a nested loop program contains loop statements with a stride greater than one or has non-linear
transformation operators in its expressions, the iteration domains become nondense. However, the
sets of iterations can still be described by polytopes. In chapter 8, we discuss the relation between
the points & of the polytope and the points of the iteration domain defined by the lattice.
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55.1 Stride greater than one

For a loop statement with stride greater than one, the lower and upper bound expressions are not
sufficient to describe the values that the loop iterator takes on. We have to add an additional constraint
specifying that the difference between values of the iterator is a multiple of the stride.

The syntax of a loop statement with stride b is:

for i =1 to u step b
Its semantics is as follows. First the iterator is initialized with the value of [. Then as long as
1 < u, it is incremented by the value of b after each loop.

Example 5.2.
Stride Consider the following loop statement with stride three:
for i =1 to 10 step 3
If we applied equation (5.9) to model this statements, we would get the polytope:

1<4i<10 (5.13)

However, according to the semantics of the loop statement, the iterator ¢ of the loop statement takes
on the values 1,4,7,10 only. Therefore, the polytope includes too many points and does not model
correctly the loop statement. O

The example shows that we cannot specify the iteration domain in terms of the loop iterator only.
Therefore, we introduce an additional control variable to account for the stride. Let ¢ be this variable,
which is an integral variable. Then, we model the stride by the equation:

i=1l+q*b (5.14)
By taking also the loop bounds into account, we annotate a For-node as follows.

e For-node with Stride greater than one Let 4 be the iterator of a loop statement represented
by a For-node. Let [ and u be the lower and upper bound expression, respectively. Let b be the
stride. With ¢ an integer variable, a For-node with stride b > 1 is annotated by:

i=l+bxgq
i < u (5.15)

The equation together with the inequality of the upper bound form a polytope in the (i, q) space.
The polytope is closed and defines the values of iterator 4. Thus the nondense iteration domain is
decribed by a polytope in a higher dimensional space. Each additional variable introduces an extra
dimension.

5.5.2 Non-linear Index Transfor mations

In this section, we model the non-linear operators that may appear in the expressions of the program:
integer division, ceil, floor, and modulo. We define them by linear inequalities for which we also have
to introduce new variables as we did for the stride of loop statements.

In general, non-linear operators will make the data dependence analysis very complex. It is only
because we can define these non-linear operators by linear inequalities that they are allowed inside
nested loop programs.

Definition 5.1. INTEGER DIVISION
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Let a be an integer and let b be a positive integer, called the divisor. The result of integer division
of a and b are integers ¢ and r, such that:

a=bxqg+r, 0<r<(b-1) (5.16)

We call b the divisor and 7 the remainder of the division.
O

We denote the operator computing the integer division by div(a, b) in which the value of a may
be defined by an affine expression. However, b must be a positive integer constant.

When a div() operator is used in conditional statements or in the bounds of loop statements, we
cannot describe the polytope of the domain in terms of the loop iterators solely. We have to introduce
a variable ¢ defined by equation (5.16) as additional variable in the polytope.

With a little rewriting of equation 5.16 we obtain two linear inequalities:

0<a—bxqg<(b—1) (5.17)

These inequalities define the value of the variable ¢q. As ¢ = div(a, b), a div operation is defined
by these two linear inequalities.

Observe that for each value of a and b the integer division of a and b results in a unique value of
q. Therefore, we can replace each div() operator by ¢ in the expression of the nested loop program.

Example 5.3.
Integer Division
The values of ¢ = div(i + 3,4) with i € [2,14] are defined by the inequalities:

2<:<14

0<i+3—-4¢<3 (5.18)

These inequalities define a polytope in the (i, q) space, which we have drawn in figure 5.2. Each
point (i, ¢)” in the polytope stands for a result of the division operator. O

Thus Hi:Pars annotates a Div-node as follows:

e Annotating the Div-node
Let ¢ be a variable.
Given an affine expression a and an integer constant b.

A Div-node of the parse tree is annotated with the inequalities:

a—bxqg>0
(b—1)—a+brg>0 (5.19)

The fact that we can define the operator div() by two inequalities makes this operator special.
Below we define the operators mod(), floor(), and ceil() in terms of a div() operator. This implies
that these operators can also be defined by linear inequalities. For details we refer to [36]. With a/b
standing for the real division of a and b, we define:

e floor(a/b) = div(a,b)
rounds the result of a/b to the greatest integer smaller than or equal to a/b.
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Figure 5.2. The index points defined by ¢ = div(i + 3,4)

e ceil(a/b) = —div(—a,b)
rounds the result of a/b to the smallest integer greater than or equal to a/b.

e mod(a,b) = a — bx*div(a,b)
returns the value of the remainder of the integer division.

According to these formulas, HiPars rewrites nested loop programs in terms of the div() opera-
tors only.

Below, we have listed program 5.2 which is obtained from program 3.5 after substitution of the
modulo operators by integer division operators inside the expressions of the conditional statements.

Program 5.2. PROGRAM WITH INTEGER DIVISIONS
Let M be a paraneter.

Let F1 and F2 be two functions.

Let a be a two-di mensional variable array.

for i =1to Mstep 2,
for j =1 to Mstep 2,
if i - 3*div(i,3) <=0,
[a(i,j)] = F1();
end
ifj - 3*div(j,3) <=0,
F2(a(i,j));
end
end
end

By applying procedure 5.1 in order to derive a polytope, HiPars will not only find iterators, but
also additional control variables introduced to model strides and non-linear index transformations.

Letq = (¢1,-., ¢r) be the vector of these additional control variables.

Then the control vector of the polytope is k = (i1, ..., in, q1, ..., g+) " , NOt necessarily in this order,
and takes values in Z"*". In a way, we have extended the dimension of the iteration space, making
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it possible to define the set of iterations by polytopes. Or, in other words, we have transformed the
nondense domain into a dense domain in a higher dimensional space. The number of points in the
nondense domain is equal to the number of points of the polytope. The transformation is thus one-to-
one.

5.6 Formulating the Data Dependency Problem

In this section, we formulate the conditions of data dependency given in chapter 4 as PIP input. The
input of PIP consists of a problem and a context specification, which are both specified by a polytope.
As said, HiPars calls PIP for each read-write pais. Let the read-write pair be (v(g(J)), v(f(1))),
with v(g(.J)) a RHS variable and v(f(I)) the LHS variable. I, .J are the control vectors of the left-
hand side and right-hand side variable, respectively.
The values that control vector I takes on are specified by a polytope e, defined by the inequalities
annotated by the nodes in the control path of the LHS variable:

ew=1{I | Aul+b, >0} (5.20)

Polytope e,, describes the set of iterations at which write accesses to the LHS variable take place.
The equations resulting from f(I) = g(.J), which are both affine functions, are:

AfT+by = Agd + b, (5.21)

The vectors by, by, and b, are affine expression of the size parameters of the nested loop program.

Note that by the equation the variables of I as well as the variables of J enter the system. These
equations are known as Diophantine equations [9]. As this system is underdetermined, solutions will
generally be expressed in the free variables. In our problem, we choose the variables of J to be free
and we keep them in the system as parameters. The solution for I will then be expressed in terms of
these parameters [79].

Thirdly, the inequalities corresponding to each case of the lexicographical expansions of I < J
are specified. The number of cases depends on the common nesting level as defined by procedure 4.1.

In addition to the above inequalities, HiPars adds hon-negativity constraints on the variables of
the problem. Together the linear inequalities form a parametrized polytope. We refer to this polytope
as the problem of PIP and denote it by e,,.

The lexicographical largest vector of polytope e,

d =maz<(ep) (5.22)

is the vector on which J is dependent. We use PIP to find this solution vector, if it exists, and call it
the dependency-vector. The set of feasible solutions is parametrized with respect to vector .J and the
solution vector will be expressed in terms of the elements of J. Because of this parametrization, PIP
branches internally into a number of cases and returns for each branch a solution-vector. The result
produced by PIP is, in general, a solution tree.

We will now describe the context, which is also specified by a polytype. Because the data depen-
dency problem is parametrized, we have to specify the values that the parameters can take on. The
parameters of the context are the size parameters of the program and the elements of the vector J. The
values of .J are defined by the polytope e, of the RHS variable.

The value of a size parameter, say p, is between the range defined by two integer constants ¢; and
co: c1 < p < co With ¢; > 1. In addition, we add non-negativity constraints on the parameters of the
context.

The context is thus defined by:
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1. the polytope e, of the RHS variable
2. the ranges of the size parameters.

We represent the context by the polytope e..
We denote the input of PIP by the tuple < problem, context >. In procedure 5.2, we outline the
procedure to formulate the PIP input.

Procedure 5.2.
Formulate PIP input

use procedure 4.1 to find common nesting vector
for each lexicographical expansion {
formulate a PIP Problem e,,
use procedure 5.1 to find polytope e,, of the LHS variable
add inequalities of the lexicographical expansion
add index equations defined by the indexing functions
formulate a PIP Context e,
use procedure 5.1 to find polytope e, of the RHS variable
add constraints on size parameters

|

As an example, we analyze the data dependencies of the part of the SVD algorithm that performs
the row and column rotations inside the odd stage. We have listed this part, called *Rotate’, in program
5.3. In this chapter, we formulate the PIP input for a particular read-write pair in this program. In
chapter 7, we present the result of the complete data dependence analysis for the program ’Rotate’ in
the form of a single assignment program.

The parse tree of program ’Rotate’ is shown in Figure 5.3. The program consists of two loop
stages. In the first loop stage the row rotations are carried out. In the second loop stage the column
rotations.

Both function-call statements access variable array a. There are four write accesses to variable a
and four read accesses to variable a, which result in 16 read-write pairs for which we have to formulate
the PIP input.

Program 5.3. ROTATE

Let M € [1,10] be a paraneter.

Let Rot Row and Rot Col utm be functi ons.

Let a be a two-dinmensional variable array.

for i =1: 2: M1,
for j =1:1: M
[a(i,j),a(i+1,j)] = RotRow(thl(i),a(i,j),a(i+1,j));
end
end
for i =1: 2: M1,
for j =1:1: M
[a(j,i),a(j,i+1)] = RotColum(a(j,i),a(j,i+1),th2(i));
end

end
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ROOT
| [
j J
RotRow RotColumn

Figure 5.3. Parse tree of program 'Rotate’.

Example 5.4.

PIP Input

We specify the context and the problem for the read-write pair <a(j , i +1), a(i,j)> ofpro-
gram 5.3. The RHS variable a(j, i +1) is the variable appearing as second argument inside the
function call to Rot Col urm. The LHS variable a(i, j ) is the first variable appearing inside the
function call to Rot Row.

We first describe the context. The control vector of the RHS variable is .J = (i, 5)”. For the sake
of clarity, we give the variables of .J the subscript r. So J = (i, j,)”. In addition, the program has
size parameter M

By applying procedure 5.1 to the RHS variable a(j, i +1), we find its polytope e,., in which
variable ¢, models the stride:

ir =1+ 2¢q,
i <M-—1
Jr2>1
Jr <M

We complete the specification of the context by adding the inequalities specifying the range of
parameter M
M>1
M <10
Next we specify the problem. First, we apply procedure 5.1 to find polytope e, defining the iter-
ations of the LHS variable:

1 =14 2q,
M—-12>0
j—1>0
M—j>0
The indexing function of the LHS variable is f(I) = (i,5)” and the indexing function of the RHS
is g(J) = (jr,ir +1)T. To satisfy the second condition for data dependency f(I) = g(.J), we add:
= jr
j=ir+1
Finally, we determine the number of the lexicographic cases we have to solve. By applying pro-
cedure 4.1, we find that the common nesting level is zero. However, the Boolean function T is true
because the function call to Rot Row precedes function call to Rot Col umm in the program. Thus
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there is only one case to solve.
At this point, we have specified the data dependency problem completely.
Note that the number of cases is equal to two when the LHS variable is taken from the same

statement as the RHS variable. Then we have to consider two cases:
casel). —i+i,—1>0

case2). i1 —i, =0
_j +jr -1 Z 0
and to define a separate PIP problem for each case.

5.7 Conclusion

We have formulated the data dependency problem as a PIP problem, in the form of a parametrized
polytope defining the set of iterations to which a LHS variable is written. The lexicographic largest
iteration of this set is the dependent iteration.

We have shown the procedure used by HiPars to annotate each node of the parse tree of a nested
loop program by linear inequalities. This requires the introduction of additional control variables
when the stride of loop statements is greater than one and when the program contains non-linear
index transformations. Extending the dimension of the polytope beyond the dimension of the domain
can be regarded as an up transformation of the nondense domain into a higher dimensional space. By
traversing the path from a node to the root of a parse tree, a polytope can be constructed that describes
the set of iterations at which the corresponding statement is reached.
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5.7 Conclusion




Chapter 6

Parametric Integer Programming

6.1 Introduction

When we restrict ourselves to the class of nested loop programs and require the programs to have
static control and linear expressions, we can analyze the data dependence by a linear programming
technique (PIP = parametric integer programming) due to Feautrier [25] [26]. In the previous chapter,
we showed that the class of nested loop programs which contains the non-linear operators integer
division, modulo, ceil and floor in its expressions can be converted to the previous. Based on the
definition of integer division, we can express these operators in terms of linear control statements,
allowing us to use PIP for the analysis of these programs too. PIP was introduced and implemented
by [25] and later improved [18].

The outline of this chapter is as follows. We describe the linear programming techniques used by
PIP. After introducing some terminology and notations of linear programming, we explain the classical
dual simplex algorithm for finding an optimal solution of a system of linear inequalities. Then, we
describe how Feautrier modified the dual simplex algorithm in order to find the lexicographic largest
solution of the system. The solution returned by PIP is a closed expression on the parameters of the
system.

6.2 Systems of equations

To introduce linear programming, we consider first a system of simultaneous linear equations. Let C'
be an m by n matrix and let d be an m-dimensional vector called the constant vector. With x standing
for the vector of variables z1, ..., x,,, we denote the system by:

Cx=d (6.1)
Or, equivalently, in expanded format:

C11T1 + C12T9 + ...+ ClpnTp — d1
€171 + €22%2 + ... + Cony = da

(6.2)

Cm1T1 + CpaT2 + ... + CpunTp = dpy,
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We assume that there are fewer equations than variables, m < n. This means that the system has
either no solution or infinitely many solutions. A solution is any n-tuple s of real values for which the
m equations are valid statements. A system for which no solution exists is infeasible.

Example 6.1.
System A system with m = 2and n = 4 is:

$1+$2+2$3:22

T —T9+x4 =4 (63)

For instance, tuples s; = (11,7,2,0) and s = (10, 8,2, 2) are solutions. O

In order to find system solutions, we need a generic representation of a solution. Since at most
m variables in the system are free, we rewrite it into basic form in order to exhibit a set of such
independent variables, called the basis of the solution. We only consider systems that can be written
in this from. We refer to [12] for proofs that show a system in basic form exists which is equivalent to
the original system.

Definition 6.1. BASIC FORM
Let S be a system of m linear equations in m + p variables z1, ..., Ty, 4p, Withm > 2and p > 1
andn =m + p.
Let 7 be an m x m identity matrix and A be an m X p matrix.
Let vector x” be a permutation of x = (1, ...z,,) and b a constant vector.
System S is in basic form if there is a permutation x’ of x such that

[ITA]x'=b (6.4)
is equivalent to the original system. O

We call the variables forming the first m elements of x’ basic variables and we say that the set of
these variables is a basis for .S. The remaining p elements of x’ are nonbasic variables. By definition,
we call the solution of which all nonbasic variables are equal to zero the basic solution. The basic
solution is unique for a system in basic form. From equation 6.4 follows that the value of the basic
variables are equal to the elements of constant vector b.

Example 6.2.

Basic Form

We can write the system of example 6.1 in basic form with 23 and z4 as basic variables by
dividing the first equation by the coefficient of 3, resulting in the equations:

3 +1/221 +1/229 =11 (65)
T4+ T —29 =4 '
Or in matrix notation:
T3
10 1/2 1/2 x| (11
(01 1 —1) T _<4> (6.6)
)

By setting the nonbasic variables z; and x5 to zero, we obtain the tuple (z1,z9,x3,24) =
(0,0,11,4) as a basic solution. O
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The basis of a system is, in general, not unique if it exists. If the m equations of the system are
independent, we can choose as basis any set of m variables, with a nonzero coefficient, from the set
of n variables. Let ! denote the factorial operator. Then the number of choices for a basis is typically
equal to C), = n!/m!(n — m)!. In our example, there are 4!/2!12! = 6 bases:

{xl, xz}, {xl, xg}, {xl, .’124}, {.’EQ, .’123}, {.’EQ, x4}, {xg, x4}.

Some bases may appear more convenient for specific treatment. Therefore, we may want to change
the basis in a systematic way by pivoting. Suppose that we would like to enter nonbasic variable z;,, , ,
to the basis. Then we must find a nonzero coefficient of variable z/,, .. Let element a,, of matrix

A be this coefficient, which we call the pivot. The pivot operation on a system of equation involves
simple linear operations:

e divide equation r by the pivot a,s. This makes the coefficient of the variable z;,,, ; equal to one.

e add —a;s/a,s times equation = to all other equations i # s of the system. This makes all
remaining elements a;5 in the column of matrix A zero.

e Finally, apply row and column permutations to write the resulting system in basic form.

By pivoting with pivot a,., variable =7, . will enter the basis and variable ;. will leave the basis.
Note that the basis after one pivot operation differs only in one variable. The other m — 1 basic
variables will stay in the basis. It is easy to prove that systems obtained by pivoting are equivalent,
i.e., they have the same solution.

We can make the identity matrix implicit and write the system as a condensed tableau. This is a
more pictorial way of representing systems, and it is very often used in LP. The condensed tableau is

defined as follows, with p = n — m:

k1 ko .k
J1 | aen a2 .. ayp | b
J2 | a1 az .. az | b
Jm | Gm1  Gm2 .. Amp bm

The box has two fields that are filled with the elements of matrix A and vector b, respectively.
The numbers on the left margin of the box are the subscripts of the basic variables. The numbers & ,
... ky on the top margin of the box are the subscripts of the nonbasic variables.

Example 6.3.
Condensed Tableau
The condensed tableau of example 6.2 is

1 2
3[1/2 12711
41 1 -1 4
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6.3 LP problems and methods

At this point, it is appropriate to define the linear programming (LP) problem in primal form. Let
f be a linear function defined by the inner product of a constant row vector ¢ and variable vector
X = (21,...,2,)T. We refer to function f as the objective function. The primal LP problem is to
maximize

f(x) =cx (6.7)
subject to the inequalities:
Ax <b (6.8)
and non-negativity constraints:
Vi, 1<j<n:z;>0 (6.9)

To solve the LP problem, we put this problem in the form of a system of linear equations.
Let a, be a row of matrix A, with 1 < r < m. We write each inequality a,x — b, < 0 as an equation
ayX — b, + x,1, = 0 under the constraint z,,, > 0. As matrix A has m rows, there will be m such
variables, which we call slack variables. Note that the resulting system of equations is in basic form,
with the m slack variables as basic variables and the variables of x as nonbasic variables. In addition,
we add the objective function F' = cx as equation F' — cx = 0 to the system.

When we put everything together in a condensed tableau, called the primal tableau, we get:

ki ko Ky
J1 | e a2 .. aip | b
J2 | a1 az .. ag | by
Jm | Gm1  Gm2 .. Amp bm
F |- —c .. —c| 0

Two famous methods to solve the primal LP problem are:
e the simplex method
e the dual simplex method

Both methods consist of a sequence of pivoting operations resulting in at most C, steps to a final
tableau, which corresponds with one of three possible outcomes:

1. if all elements of b and —c are nonnegative, the basic solution is the optimal feasible solution.
2. the problem is infeasible, i.e. there is no solution at all.
3. the objective function is unbounded above.

We consider only the first two cases. In the problems we are considering, the unboundedness of the
cost function will not appear.

The simplex method can be applied only when the elements b; are greater than zero, b; > 0,1 <
1 < n, in the initial tableau. The dual simplex algorithm can be applied when all entries —¢; in the
objective row are nonnegative. The latter situation will always be the case in our problems. In the
following, we consider only the dual simplex algorithm.
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The dual simplex algorithm pivots in such a way that all entries in the objective row remain
nonnegative and will lead, after a finite number of pivot operations, to a tableau with also nonnegative
elements of the constant vector b, if it exists. For more information on this algorithm we refer to [12]
[52]. The rules for selecting the pivot are:

1. select the rows of the tableau of which the constant b, is negative and which contain negative
elements a,.

2. select element a, of these rows for which the absolute value of the ratio c5/a,s is the smallest.

In other words, introduce in the basis a variable causing the highest increase in the value of F' and
remove from the basis a variable which is not sufficiently constrained by its b term ( ... — ;... < b; <
0).

The primal LP problem searches the maximum of F' in the domain defined by the system of
inequalities. We can find the minimum value of F' by taking the negative of the cost function and
searching for the maximum value of —F. As will become clear in later sections, we are especially
interested in finding the minimum.

Example 6.4.

Dual Simplex Algorithm

Suppose we want to find the minimum value of the objective function F'(x1,z2) = 10x; + x4 for
nonnegative variables x; and x-, satisfying the following two linear inequalities:

—T1 — T2 S —12

e < 4 (6.10)

Figure 6.1 shows the feasible solutions in the (z1,x2) space.
As we are searching for the minimum we use as cost function F' = —F = —10x; — z9. Next,
we introduce slack variables z3 and x4 to obtain the equations:

Ig—Il—LEQ:—lQ

Ty — 21+ T2 =—4 (6.11)

This system is in basic form with basis {x3, x4} and its condensed tableau is:
1 2
3| -1 —-1]-12
4 | -1 1 —4
F'l10 1 0

We see that all the elements of the cost vector c are positive. Therefore, we can apply the dual
simplex algorithm. Both rows have a negative constant, and the negative elements in these rows
are: a1 = —1, a;o = —1 and ag; = —1. Next we determine the ratio ¢;/a,s: |c1/a11| = 10,
lc1/a91| =10 and |e¢y/a12] = 1. Thus we choose a9 as pivot.

After pivoting with a9, we get the tableau:

1 3
2 1 1| 12
4 | -2 1| -16
F'{9 1]-12
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P
—x1+ 22 < —4 ///
.

Figure 6.1. The shaded area indicates the feasible solutions defined by the inequalities
—x1 + 12 < —4and —z1 — 25 < —12 and non-negativity constraints z; > 0 and z» > 0. The
optimal feasible solution is (8,4).

In this tableau, we see that only the second row has a negative b constant and that element a; is
the only negative negative element in this row. Thus we pivot with —2 and we obtain the next tableau:
4 3
1/2 3/2 4
1 |-1/2 -1/2| 8
F'| 9/2 11/2 | -84

This tableau is the final tableau because it does not have negative elements b. The optimal feasible
solution is s, = (4,8,0,0). Therefore, the minimum value of F' = 84 for z; = 4 and 2z = 8.
O

6.4 Lexicographic Dual Simplex Algorithm

In example 6.4, the objective coefficient ¢; is ten times bigger than c,. This means that an increase in
the value of variable 1 weights ten times as much as an increase in the value of variable x5. Suppose
we let ¢; go to infinity, and suppose that we have found an optimal solution s = (s1,s92). Then the
value of the objective function at this optimum is less than or equal to the value of F' for any other
arbitrary feasible solution (p1, p9):

181+ 82 < cipr +p2 &
6.12
c1(pr — s1) + (p2 — s2) >0 (6.12)



Parametric Integer Programming 67

Let us further assume that the values of the variables of feasible solutions are bounded, i.e. lim, 00 pi/c1 =
0. Then there are two cases for which equation 6.12 is true:

e case p; — s > 0, regardless of the values of p, and s
e casep; —sy=0andpy —s9 >0

In other words, the optimal feasible solution (s1, s2) is the smallest lexicographical solution.

Before we generalize this result, we consider another property of the pivoting operation, which
is that the computation of values of matrix A and vector b of consecutive tableaus does not involve
elements of the objective row.

As the optimal feasible solution is the value of 4 in the final tableau, the optimum value is determined
by calculations on values of elements of A and b only.

In the dual simplex algorithm, we select the pivot on basis of the smallest ratio |cs/a,s|. Now
we introduce another pivot selection rule for the dual simplex algorithm which will result in the
lexicographically smallest feasible solution of the system.

First, we extend the tableau with trivial equations z; = z1, ... , ., = z.,, and place them at the
first m rows of the tableau, in the order given. In other words we put x1, ..., z,, into the basic set.
Initially b = 0, ...,b, = 0. When we do not disturb the order of the first m rows, the solution for
the vector (x4, ..., ., ) is equal to the first m elements of b. We maintain this order by not selecting
pivots from the first m rows. In the case where elements of b in these first rows are negative, negative
elements of b will always exist in the rows below. This reflects the fact that the first /mn equations are
trivial.

Let a,, stand for an arbitrary column vector of the extended A matrix, 1 < k < m.

The lexicographic pivot rules are:

select the rows with row number » > m with negative elements of b.

Let K be the set of column numbers & of columns a;, with element a,;. < 0.

Determine the smallest lexicographical vector of the vectors:

ke K2k (6.13)
Qrk

Let f— be this vector. Then we choose element a,; as a pivot.

Observe that the column pivot is fully determined by the subscripts » and s of the negative ele-
ments of a,; in the rows with negative constant b,..

We conclude that when we modify the rules for selecting the pivot as indicated above, we find the
smallest lexicographical solution. Furthermore, the objective row can be removed from the tableau.
This algorithm is known as the lexicographic dual simplex algorithm. Proofs can be found in [52].

Example 6.5.
Lexicographic Dual Simplex We apply the lexicographic dual simplex algorithm in order to find
the lexicographically smallest solution (z1, z) that satisfies:

—T1 — T2 S —12

e < 4 (6.14)
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6.5 Integral solution

We add slack variables x5 and 24 as we did in example 6.4 and we add the trivial equations z1—z1 = 0
and zo — x9 = 0 resulting in the tableau:

1 2
11-1 0 0
21 0 -1 0
3| -1 —-1|-12
41 -1 1 —4

Observe that the tableau no longer has an objective row.
There are three possible candidates for the pivot: a11,a12, as1.
To determine the pivot column we compute the vectors:

1 1 0

0 0 1

L B -t I R |
11 a21 2

1 1 -1

1 1 0

Clearly, the last vector is the lexicographically smallest one among the three vectors. So the pivot is
a12. After pivoting, we obtain the following tableau:

1 3
11-1 0 0
2|11 -1 12
21 1 12
41 -2 1 |-16

And after pivoting with element a1 we reach the final tableau:

4 3
1[-1/2 -1/238
2| 4 -1/2|4
2| 1/2  3/2 |4
1] -1/2 -1/2|8

From the tableau, we read that (z1, z2) = (8,4) is the lexicographically smallest feasible solution.

|

In the preceding sections, we have explained the kernel of the algorithm used to find data depen-
dencies. In the sections to come, we will solve the LP problem when:

¢ the optimal solution must be an integral solution.

e the constant vector b is symbolic

In the following section, we address the first topic and enter the field of integer linear programming.
Then, we deal with the second topic which will lead us to the symbolic evaluation of expressions.

6.5 Integral solution

So far, we have assumed that the solutions of the system are tuples of real values. In this section, we
restrict the solution to being integer. In particular, we are interested in finding the smallest lexico-
graphical solution in the domain defined by the system Ax < b and nonnegativity constraints.
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The general procedure is to solve the system first without the integer constraint. If the result is
integral we have also solved the integer case. If the result is not integral, we add an inequality contraint
to the system, which makes this solution infeasible but is satisfied by any feasible integral solution.
We say that the inequality cuts off the nonintegral solution and call it a cut plane.

The nonintegral solution is found with the lexicographic dual simplex algorithm explained in the
preceding section.

Example 6.6.
Nonintegral Suppose that we change in example 6.5 the constant b, of the second inequality from
4 to 5, the final tableau that results after the same pivot operations is:

4 3

1[-1/2 -1/27]81
2| 4 -1/23%
2| 1/2  3/2 |33
1| -1/2 -1/2 |8

The solution (z1,z9) = (8%, 3%) is the lexicographically smallest solution but is not an integral
solution. O

We need a cut that cuts off the optimal nonintegral solution but not any integer solution. The
method that defines such a cut is the Gomory’s cutting plane method.

Definition 6.2. GOMORY FRACTIONAL CUT
Suppose that the optimal feasible solution is vector b, with element b, not an integer. Let f,; and
fr denote the fractional parts of a,; and b,, respectively, that is,

fri = arj — |agj]
6.15
fr = br - Ler ( )
With ;r,;nﬂ., 1 < j < m + p as nonbasic variables and with z,, 1 as additional integral variable,
we define a Gomory fractional cut as:

Tn4+1 — Z?:l fjrx;' = _fr (6-16)
Od

The fractions f, and f, that appear in equation 6.16 are all positive. For instance, —% — [%J =
—% - (-1) = % This means that when we add this equation to the system, the optimal solution

becomes infeasible, since b, 1 = — f, is negative.

Example 6.7.

Gomory Fractional Cut

We apply the Gomory cutting plane method to the final system of example 6.6 of which the
optimal feasible solution (b1, b, b3, bs) = (85,33, 8%,31) is not integral. The nonbasic variables are
x3 and x4. Because every element of b is non integral, we can select any row r for constructing the
cut. We choose b3. We apply formula 6.15 to compute the fractional parts: f3; = %,f32 = % and
f3= % This gives the Gomory cut, with variable x5 as a slack variable:

1 1 1
e — g — __ A7
s 23:3 23:4 5 (6.17)

|
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We add a cut, as the last row, to the tableau and apply the lexicographical dual simplex method to
get another optimal solution. If this solution is again non integral, we add another cut. This process
continues until we reach an integral solution. The process is proven to be convergent, so that it reaches
the integral optimal solution after a finite number of cuts [25].

Example 6.8.
Continued
We add the cut of equation 6.17 as the last row to the tableau of example 6.6:
4 3

1]-1/2 -1/2] 8%
20 4 —1/2| 33
2| 12 3/2 | 3L
1] -1/2 -1/2 82
5(-1/2 —-1/2| —1/2

The pivot is a5; and after pivoting we get the tableau:

b} 3
1{-1 019
211 =113
211 -113
17-1 019
41-2 1 |1

The solution (z1, 9, x3, 24, z5) = (9, 3,0, 1,0) is integral and optimal. In this example, we have
obtained the integral solution after adding only one cut. In general, we may have to add a number of
cuts.

O

6.6 Parameterized constant vector

We now consider the case that vector b of the system is parameterized. It is a function of parameters
whose values we do not know. However, we make some assumptions. First of all we assume that the
parameters are nonnegative and, second, that the value of each element of b is defined by an affine
expression of the parameters. Let there be ¢ parameters. Let P stand for the vector of parameters, e;
for an integral vector of length ¢ and d; for an integer constant. Then each element b; is defined by:

bZ(P) =e,P+d; (618)

The dual algorithm applies the operations multiplication and addition to compute the value of b.
Now the multiplication of b;(P) with a constant « is given by ae; P + ad;. The addition of two
elements b;(P) and b;(P) is equal to (e; + ;) P + (d; + d;). This means that we can evaluate vector
b symbolically and that after each pivot step vector b is of the form of equation 6.18.

There is, however, a problem. In the dual simplex algorithm, we must know the sign of the
elements of b in order to select the pivot row. When the vector is parametrized, the sign depends
on the values of the parameters, which we do not know. For example, suppose that N and M are
nonnegative parameters and that element b1 is defined by:

by =2N — M (6.19)
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Then the sign of b, depends on the values of the parameters N and M. Element b, is negative when
2N < M, otherwise it is nonnegative.

Therefore when we have a parametrized constant vector, we need additional assertions about the
value of the parameters in order to determine the sign of the elements of b. We call this set of
assertions the context of the system. The context is a system of affine linear inequalities of the
parameters.

After each pivot operation new expressions b;(P) appear, of which we do not know the sign.
Therefore, we split the problem into two cases. In the first case we assume b;(P) to be negative and
add the inequality b;(P) < 0 to the context. In the second case we assume b; to be nonnegative
and add b;(P) > 0 to the context. Thus the problem branches into a number of mutually disjoint
cases each with its own context defining the sign of b. We solve the LP problem by the dual simplex
algorithm for each case, separately, resulting in either an optimal feasible solution or the conclusion
that the problem is infeasible. We denote the infeasible solution by . The optimal feasible solution is
the value of b in the final tableau. As b is an affine expression of the parameters, the optimal solution
is thus an affine expression of the parameters. The context corresponding to each final tableau defines
the values of the parameters under which the solution is valid.

We present the complete solution of the parametrized integer problem as a tree. The internal
nodes of the tree are the inequalities of the contexts. The leaves of the tree are the solutions of the
final tableau, which is either a vector of which the elements are affine expressions of the parameters
or is infeasible (denoted by ). The context of a leaf is defined by the inequalities of the nodes of the
path up to the root node of the tree.

By pivoting, we take the integer division of b,. As integer division is not a linear operation, we
linearize this term by introducing a new parameter p. Parameter p is equal to div(b,,pivot). We
define p by two inequalities, according to procedure 5.19, which we add to the context.

In general, if the absolute value of the pivot is greater than one and the constant term of the pivot
row is parametrized, we introduce a new parameter.

Procedure 6.1.

New Parameter Let r be the pivot row, and let the pivot element selected from this row be a.;.
Suppose that the absolute value of a,, is greater than one and the b, is an affine expression of the
parameters.

Then we introduce a new parameter p that is defined by the integer division of b, and a.s:

p = div(by, ars) (6.20)

The new parameter is added to the parameter vector P of the system and the following inequalities
are added to the context:

br - ”ars” p> 0
(lars] — 1) = by + apsp > 0 (621)
O

Example 6.9.

Parameterized Constant Vector

Let IV be a nonnegative parameter, N > 0. Suppose that in the second inequality of example 6.5
the constant is not -4 but equal to —IV:

—x1+z3 < —N (6.22)
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6.6 Parameterized constant vector

As usual, we introduce slack variables z3 and z4 and construct the tableau:

=~ W N -

1 2

-1 0 0
0 -1 0
-1 -1 -12
-1 1 | =N

The context of this tableau is N > 0.
We pivot with a3, = —1 and obtain:

1 3
11-1 0 0
211 -1 12
21 1 12
41/-2 1 |-N-12

In the case where —N — 12 > 0 all elements of b are nonnegative and the tableau is final. But
this inequality can never be true when N > 0. So the context for thia case is empty. Remains the
case —N — 12 < 0. We add this inequality to the context. As b4 is negative we have to select a pivot
from this row. The only negative element is a4;. After pivoting with this element we get the following
tableau:

4 3
1[=1/2 —-1/2] (N+12)/2
2| 1/2 —1/2| 12— (N +12)/2
2| 1/2 —1/2| 12— (N +12)/2
1] -1/2 -1/2| (N+12)/2

We see that the pivot operation causes an integer division of the expression (N + 12) by 2 and
that a multiple of the result is added to other elements of b. Now let p; be the new parameter and its
value equal to div(N + 12,2). When we substitute this parameter in the tableau we get:

4 3
1[=1/2 —1/2] m
2| 172 -1/2|12-p
2| 1/2 -1/2|12-p
1] -1/2 -1/2| p

Again we have to branch. When 12—p; > 0, we are finished because element of b is nonnegative.
When 12 — p; < 0 we have to do another pivot step.
This gives the following tableau:

4 2
1[-1 -1 12
21 0 -1 0
31 -1 —2|-12+2p
1| -1 -1 12

The solution is (12,0) if —12 + N > 0. There are no other cases left to solve.
Figure 6.2 gives the complete solution tree. The leaves of this trees are the solutions in the context
defined by the path from a leaf node to the root of the tree.
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(J-~N-1230 ~N-12<0

p1 = div(N + 12,2)

12—p; <0

O

(z1,22) = (p1,12 — p1) (z1,22) = (12,0)

Figure 6.2. The solution tree in which the internal nodes model the inequalities of the
context and the leaves the solution-vectors.

6.7 Conclusion

We have described how PIP finds the lexicographic minimum solution of a feasible set. However, to
find data dependencies, we will need to find the lexicographical maximum. This is achieved by solving
the problem for the negative values of x, i.e. —x, and introducing an unbounded positive parameter
P to satisfy the non-negativity constraints after the substitution (solving for minimum of (P — x).
Henceforth, we assume that PIP finds the lexicographical maximum of the problem.

The input of PIP is formed by a parameterized polytope. Because of the parameterization, the
optimum solution is a vector of which the elements are affine expressions on the parameters. Because
of internal branching, the solution returned by PIP is, in general, a solution tree in which the leaves
are the solution vectors and the internal nodes define the context for which the solutions are valid.

A linear programming technique may sometimes turn out to be an unrealistic solution because
of the huge amount of computation time needed to solve the LP problem. However, PIP is very
well applicable, as for realistic problems the number of unknowns, which are the loop iterators and
parameters of a nested loop program, are typically small.

As HiPars uses PIP to solve the data dependencies, the nested loop programs are limited to the
affine ones. Another technique for analyzing data dependencies is described in [51]. This technique is
based upon the Omega test and finds the lexicographical maximum of dependence relations by means
of projections. The class of nested loop programs is also affine although some extensions are made to
handle non-affine program fragments. However, they do not express the solution as functions as PIP
does.
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Chapter 7

Single Assignment Programs

7.1 Introduction

An application of PIP, Parametric Integer Programming, is to find expressions for the data depen-
dencies inside static nested loop programs as described by Feautrier in [26]. As iterations are integer
valued, the problem of data dependency is an Integer Linear Programming problem.

We solve separately the data dependency problem for each single read-write pair. PIP finds closed
expression for the data dependencies. We represent the output of PIP by parse trees, which we call
solution trees.

When a nested program has several LHS variables of the same name, we have to combine the
solution trees for each individual read-write pair of an RHS variable. We call the process of combining
trees grafting.

Grafting can result in large trees. To limit the size of the tree, HiPars removes dead branches
and redundant nodes from the parse tree. We call this process pruning. HiPars prunes the tree after
each graft operation.

Finally, HiPars adds the solution trees of the RHS variables to the parse tree of the original nested
loop program and writes the resulting parse tree as a single assignment program (SAP), showing the
data dependencies inside the nested loop program at the level of iterations.

7.2 PIP’s Output

As explained in the previous chapter, the solution returned by PIP is, in general, a solution tree. The
fact that the solution is a tree, derives from the branching inside PIP.

The solution vectors, represented by the leaves of the tree, are affine expressions in the parame-
ters of the final tableau. We represent these parameters by the parameter vector P standing for the
size parameters and a vector k; standing for the remaining parameters. The elements of k; are the
control variable of the RHS variable that are entered as parameters to the context, and the additional
parameters that PIP possibly has introduced to find an integral solution.

Thus a solution-vector is of the form:

d= Agky+ by (7.1)

with by a parameterized constant with respect to the size parameters. Often, we write this equation in
the form d = D(k ), with D an affine function, called the dependency function.
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We define the solution tree produced by PIP.

Definition 7.1. SOLUTION TREE

A solution tree T' is a parse tree. The internal nodes of T' are nodes of the types: ’If’, ’Else’ and
’Div’. These nodes represent the linear inequalities of the context.

Each leaf node of T represents a solution-vector d, which may be undefined (denoted by _L).

The domain under which a solution-vector is valid is defined by a polytope e, consisting of the
inequalities represented by the nodes in its path to the root. O

Next, we define a dependency by a solution-vector d and the polytope e, under which the solution-
vector is valid. We denote a dependency by the tuple < eg4,d >.

From the tree structure follows that the domains of dependence-vectors do not intersect, i.e. the
domains are mutually disjoint. Moreover, they form a partition of the domain of the right-hand side
variable. This means that a solution-vector exists for each iteration inside the iteration domain of the
RHS variable.

We combine the solution trees for all cases of the lexicographical expansion into a single solution
tree, which is a simple procedure because all cases of the expansion are mutually disjoint.

Example 7.1.

Output of PIP

As illustration, we give the solution-trees produced by PIP for the second RHS variable a(j , i +1)
inside the function call to Rot Col unm (program 2.5) inside program 5.3 "Rotate” listed in chapter 5.

We start by solving the data dependency problem for the LHS variable a(i,j) which first
appears in the function call to Rot Row (program 2.4). Figure 7.1 shows the solution-tree, which we
denote by T4.

if -j+2*pl-1

(2*pl-1,i+1)

Figure 7.1. Solution-tree T;.

Below, we have written the solution in pseudo MATLAB format:

if Mj-1>=0,
pl=div(j +1, 2);
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if -j+2*pl-1>=0,
(2*pl -1,i+1)
el se
nil
end
el se
nil
end
The tree has three solution-vectors d; = (2p; — 1,7+ 1), d =1 and d3 =_L. The internal nodes
are of types If-node, Else-node and Div-node and specify the domains under which the vectors are
valid. For instance, the solution vector d; is valid under the following constraints:

M—-j-1>0
J+1=2p1 >0

—j+2p1 >0
J+1-2p <0

The solution tree for the second LHS variable a(i +1, j ) in the function call to Rot Row is shown
in figure 7.2.

root

else-j+1
nil
if -j+2*pl elsej-2*pl-1
nil
(2*pl-1,i+1)

Figure 7.2. Solution-tree T5.

This tree has three solution-vectors of which two are undefined. The solution-tree in pseudo
MATLAB format is:

if j-2>=0,
pl=div(j, 2);
if -j+2*pl>=0,
(2*pl-1,i+1)
el se
nil
end
el se
nil
end
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The solutions for the third and fourth LHS variable are both undefined (L).

7.3 Grafting Trees

In this section, we combine the solution trees belonging to a particular RHS variable.

Suppose that there are n LHS variables with the same name as the RHS variable. Then we solve
first the data dependency problem for each read-write pair separately by PIP. Let the resulting solution-
tree for each pair < RHS, LHS; > be denoted by 73,1 < i < n.

According to the third condition of data dependency, we must find the lexicographic largest
solution-vector among the solution-vectors of the solution-trees T;.

Each tree partitions the domain of the RHS variable. However, domains of vectors of the various
trees may have a nonempty intersection. When there is a nonempty intersection, we have to select the
lexicographically largest solution vector from the vectors valid in the intersection. In other words, we
have to combine the partial solutions 7; into a single solution-tree for the RHS variable. In order to
construct this solution-tree, we have to take the intersection of the domains among all the trees T'; and
compare all the vectors defined in each intersection.

First, we describe how we select the largest of two solution-vectors of the verious trees.

Let Ty and T3 be solution trees of an RHS variable.

Lets; = <ep,di >and so = < eq,dy > be solutions of the trees Ty and Ts, respectively. When
e1Ney # 0, if dy < doy we select d-, else we select dy:

if di < ds then
do
else
dy

(7.2)

By definition, the undefined vector is the lexicographical smallest solution-vector. Thus 1 < d is
always true.

In order to represent the condition in equation 7.2 as a parse tree, we expand the lexicographical
operator in all its cases. The number of cases is equal to the common nesting level of the iteration
vectors corresponding to the left-hand side variables. We call the resulting tree the expansion tree, and
denote it by E. The expansion tree is a solution-tree that has dependency vectors d; and d- as leaves.
We call the operator that returns the expansion tree E of two solution-vectors the expand operator:

E = expand(dy,ds) (7.3)

Example 7.2.

Expand Operator

We derive the expansion tree of the dependence-vectors of the program "Rotate’ (5.3).

Both T3 and Ty define dependence-vectors for the RHS variable a(j , i +1) . The dependence-
vector of Ty is d; = (2p; — 1,4 + 1)7". The dependence-vector of Ty is dy = (2po — 1,0+ 1)7. We
first determine the common nesting level of the iteration-vectors I; and I,. The elements of I are
the loop iterators of the first loop stage as are the elements of 75. So the common nesting level is two.
The first case is:

2p1 — 1> 2py — 1
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The inequalities of the domains define the equations 2p; = 7 + 1 and 2p, = 74, by which we
substitute the variables p; and ps. This gives: j > j — 1. As this is always true, d; is the largest
solution.

The second case is:

2py —1=2p, — 1
1+1<i+1

which is always false. Thus the result of the graft operator on d; and d- is a tree with just one leaf:
E =d,.
O

Now, we give the procedure for combining two solution-trees T4 and 15 of a right-hand side
variable. Let d; be an arbitrary solution-vector of 77 and ds be an arbitrary solution-vector of Ts.
We apply the expand operator on all the possible pairs of solution-vectors (d,dz). The resulting
expansion trees will become subtrees in the combined tree.

The procedure in terms of solution-trees is given in procedure 7.1. We call this procedure the graft
operator. Thus given two solution-trees T4 and Ty, the combined tree T is given by:

T = graft(Ty,Ty) (7.4)

Procedure 7.1.

Graft Operator The procedure to graft two solutions-trees T and T5 starts with a DFS to find
all the leaves of T'. Each leaf d; is substituted by the solution-tree T5. After which, the procedure
searches the leaves of the subtree T5. The procedure substitutes each leaf ds by adding the expansion
tree returned by the expand operator on d; and ds. The procedure is outlined below.

Procedure Graft Solution Tree

for each leaf d; in Ty {

graft the tree with T,
for each leaf dy in Ty {

graft the tree with exzpand(dy, ds)
}

}

Figure 7.3 shows the tree after applying the graft operator on the solution-trees 77 and T5 given
in the example.

A tree returned by the graft operator is again a solution tree. So we may apply the graft operator
on the tree again, which gives us the following procedure for combining several trees.

Let Ty be initially be defined as L. Let T;,1 < 4 < n be solution-trees of an RHS variable. Then
we get the combined tree by applying the graft operator recursively [26].

T, = graft(Tu 1, T)) (7.5)

The graft operator is associative. This means that we may graft the trees T7; in any order although
the number of branches of the final tree may depend on the ordering.

After applying the recursive procedure to all solution-trees T;, we obtain the complete solution
tree for an RHS variable. We graft this tree in place of the RHS variable-node in the parse tree of the
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root

-j-1 else-M+j

if -2

if -j+2*pl-1 elsej-2*pl p2
if j-2 if -j+2*p2 elsej-2*p2-1
p2 nil

if -j+2* p2
a2

Figure 7.3. The tree after grafting and pruning of the solution trees T3 and 7.

original program. Figure 7.5 shows the parse tree of program ’rotate’ with the solution-trees found for
all the RHS variables grafted on.

7.4 Pruning Trees

Straightforward grafting of the solution-trees may lead to there being many branches. Suppose that
there are n solution-trees and that each of them has m leaves. Each time we apply the graft operator
we replace every leaf by the next solution tree. This goes on for n times, resulting in at most:

m" (7.6)

branches in the final solution tree. The number of branches grows thus exponentially.

We reduce the number of branches considerably by eliminating dead leaves. A dead leaf is a
solution that will never be reached because of conflicting inequalities in its control path, i.e., its domain
is empty. The dead leaves do not contribute and may be pruned from the tree. We use the Omega test
to determine whether a domain is empty [57].

By pruning the tree after each graft operation, HiPars expands only branches that define valid
domains.

Apart from the dead leaves, HiPars removes also all the nodes in the path or branch until the
first sibling in the path to the root of the tree is reached.

Procedure 7.2.

Prune Operator Let T be a parse tree.

The procedure to prune a tree starts by searching for all leaves in T. The procedure calls for
each leaf the procedure 5.1 to find its domain (polytope) and test whether the domain is empty. If the
domain is empty, the procedure removes the nodes of the dead branch.

for each leaf [ in T" {
derive domain by procedure 5.1
check domain with the Omega Test
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if empty domain {
prune tree from dead branch

}
}

|

HiPars also prunes the nodes that are redundant. A node is redundant when its linear inequalities
are redundant of all the dependence-vectors that are descendants of that node.
HiPars uses three simple procedures to check for redundancies. First, it prunes If-nodes when the
same inequality is annotated by a node at a lower level in the tree.
Second, it prunes identical integer division operators introduced by PIP. As the solution trees are
solved independently, it may happen that new parameters in different solution-trees are the same.
Third, it prunes unnecessary branching in the parse tree. A branch is represented in the tree by an
If-node and a corresponding Else-node. When the subtree of the If-node is identical to the subtree of
the Else-node, the branch is unnecessary and can be removed.

i—32>0

5110 o o o 5 116 o o o o

Figure 7.4. Removing a redundant branch.

Figure 7.4 shows, on the left side, a domain cut in two parts by the inequality i — 3 > 0. The
subtrees of both parts are equal to A. Therefore, the branch is redundant and we can remove it. This
is depicted on the right-hand side of figure 7.4. Thus the branch as well as one subtree is removed.

7.5 Single assignment program

In the previous section, we constructed a parse tree from a nested loop program that describes all the
data dependencies. In this section, we write this parse tree as a single assignment program.
The definition of a Single Assignment Program (SAP) is given in [92].

Definition 7.2. SINGLE ASSIGNMENT PROGRAM
A Single Assignment Program is a program where every variable is assigned one value only
during execution of the algorithm. O

In order to obtain the single assignment program, we substitute LHS variables, with name v and
indexing function f, for single assignment variables [13], with unique name v, and the identity as
indexing function.
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Next, we obtain the single assignment program by traversing the parse tree, in DFS order, and
writing down the MATLAB statements referred to by the nodes.

Nodes representing the solution-vectors are written down as follows. When arriving at a solution-
vector D (k) of a particular RHS variable with name v, we write the assignment statement, with
[ € Z indicating the argument position:

[ing] = ipd(va(D(k.)))

where i pd is an identity function.

When the solution-vector is undefined, we write down the same assignment statement but with
variable v, (D(k)) replaced by the original RHS variable v(g(.J)).

Typically, these statements are placed in the body of a block of nested conditional and transforma-
tion statements, which define the iteration domain for which the dependency is valid. The operators
in the transformation statements are integer division operators.

The single assignment program is a convenient output format because we can directly read the de-
pendencies from the code. In addition, the SAP program is an executable program and is functionally
equivalent to the nested loop program from which it is derived.

When we write down the solution tree of program 5.3 "Rotate’, we get the single assignment
program 7.1. This program has been generated automatically by the tool "HiPars’ [36].

The names of the single assignment variables of the row rotations are a_1 and a_2. The names of
the single assignment variables of the column rotations are a_3 and a_4. Observe that the indexing
function of each LHS variable is the identity function. This means that the variables of these arrays
are assigned a value only once, which is in agreement with the definition of a SAP. Note also that the
original variables named a have become input variables.

There are no data dependencies for the row rotations as all inputs of the function Rot Row are
input variables. The function Rot Col unm is dependent on Rot Row as it takes values of the single
assignment variables a_1 and a_2 as inputs. For instance, the value of input argument i n1 of function
Rot Col umm is the value of variable a_1 or a_2 depending on the conditional statements.

7.6 Conclusion

A complete dependence analysis of the program involves finding the dependencies for all RHS vari-
ables appearing in the function call statements. An RHS variable can only be dependent on a left-hand
side (LHS) variable of the same name. If there are more LHS variables of the same name, HiPars
finds first the solution of the RHS variable with each of the LHS variables separately. HiPars calls
PIP for each read-write pair, which returns the solution in the form of index vectors and the domains
for which the solutions are valid [25] [26]. The index vector may be undefined, which means that
the RHS variable does not depend on the LHS variable. After applying PIP for all the LHS variables,
HiPars determines the lexicographically largest index vector among the solution-vectors, which is
the dependency. Dependencies are linear functions on the iterators, parameters and variables standing
for the integer divisions. The complete solution of the dependence analysis of a single RHS variable
may consists of multiple dependencies defined on mutually exclusive iteration domains [37].

The output of HiPars is a single assignment program, which is a functional equivalent with the
original nested loop program. The indexing functions of the RHS variables inside the SAP are the
data dependencies, which we wanted to find.
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Program 7.1. SINGLE ASSIGNMENT PROGRAM OF 'ROTATE’

for i=1: 2 : M1,
for j=2: 1: M

[in0] =ipd(thl(i));

if i-2>=0,

pl=div(i, 2);

if i-2*pl-1>=0,

[inl] =ipd(a(i,j));

end
el se

[inl] =ipd(a(i,j));
end

[in2] = ipd(a(i+1,j));
[a_21(i,j),a_2(i,]) ] = RotRow(inO,inl,in2);

end
end
for i=1: 2 : M1,
for j=2: 1: M

if Mj-1>=0,
p2=di v(j +1, 2);
if -j+2*p2-1>=0,
[in0] = ipd(a_1(2*p2-1,i));
el se
if j-2>=0,
p3=div(j, 2);
if -j+2*p3>=0,
[in0] = ipd(a_2(2*p3-1,i));
end
end
end
el se
if j-2>=0,
p3=div(j,2);
if -j+2*p3>=0,
[in0] = ipd(a_2(2*p3-1,i));
el se
if i-2>=0,
p4=div(i, 2);
if i-2*p4-1>=0,
[in0] = ipd(a(j,i));
end
el se
[in0] = ipd(a(j,i));
end
end
end
end
if Mj-1>=0,
p5=di v(j +1, 2);
if -j+2*p5-1>=0,
[inl] = ipd(a_1(2*p5-1,i+1));
el se
if j-2>=0,
p6=di v(j, 2);
if -j+2*p6>=0,
[inl] = ipd(a_2(2*p6-1,i+1));
end
end
end
el se
if j-2>=0,
p6=di v(j, 2);
if -j+2*p6>=0,
[inl] = ipd(a_2(2*p6-1,i+1));
el se
[inl] = ipd(a(j,i+1));
end
end
end
[in2] = ipd( th2(i));
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Chapter 8

Linearly Bounded Lattices

8.1 Introduction

In this chapter, we take a closer look at the single assignment program (SAP) produced by the tool
HiPars, whose working we have explained in the preceding chapters. From the user point of view,
HiPars is a tool that takes as input a nested loop program and outputs a program that is in single
assignment form. Here we explain the output of HiPars as it presents itself to the user.

We express the control statements inside the single assignment program, specifying the domains
of dependencies as linearly bounded lattices [78]. Using linearly bounded lattices, we not only have a
sound mathematical specification of the domains but also a way to interpret the result geometrically,
making the data dependence structure easier to understand.

In the next chapter, we convert the single assignment program into a piecewise regular dependence
graph whose description is based on linearly bounded lattices.

The outline of this chapter is as follows. In section 8.2, we convert an example nested loop

program into single assignment form and give the resulting single assignment program, specifying the
data dependencies.
In section 8.3, we give the definition of linearly bounded lattices. In the previous chapters, we will
specified sets of iterations by polytopes. This may lead to high dimensional polytopes, which are
hard to interpreted. In this chapter, we specify the sets of iterations by linearly bounded lattices. By
using lattices the iteration domains are easier to interpret. In sections 8.4 and 8.5, we optimize the
description of the domain by using the Hermite Normal Form, leading to a domain description with
a lower dimensional polytope, and specify the lattice corresponding to this polytope. The result is a
more compact description of the single assignment program, which is easier to comprehend.

8.2 Single Assignment Program

As example, we convert program 8.1 into a single assignment program by HiPars. The example
program is just a demonstrator and is not taken from the SVD algorithm.

The program has two loop statements both with stride two and has modulo operators in its condi-
tional expressions.

We will convert it in single assignment form by HiPars. Before looking in detail at the SAP
program, we make some general remarks about the format in which HiPars writes a single assignment
program.
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Program 8.1. DEMONSTRATOR
Let M be a paraneter.

Let a be a variable array.

Let F1 and F2 be functions.

for i =1to Mstep 2,
for j =1to Mstep 2,
if nod(i,3) ==0,
[a(i,j)] = F1();
end
if nmod(j,3) ==0,
[ 1 ="F2(a(i,j));
end
end
end

LHS variables have unique names and are fully indexed. So the indexing functions of these
variables are identity functions.

RHS variables are either single assignment variables or are program input variables. The indexing
functions of the single assignment variables are the dependence functions. The indexing functions of
the input variables do not define dependence relations between the program iterations. We assume the
input variables to be initialized. The iteration domains of the dependencies are represented in the SAP
in the form of control statements, which take the form of conditional and integer division statements.

The SAP produced by HiPars is program 8.2. It has one single assignment variable a_1, which is
a two-dimensional array.

The input argument of function F2 is the value of the temp variable i nO, which is condition-
ally assigned in the block of control statements preceding the function call. The control structure is
quite complicated and consists of three conditional statements and four integer division transforma-
tion statements, introducing the additional control variables gq1,92,93 and g4. Note that the index
transformations are nested.

Figure 8.1 shows the iterations domains of F1 and F2.

The div operators are produced by PIP, which HiPars calls to solve the integer programming

problem in order to find expressions for the data dependencies inside the nested loop program.

i i

O O OO0OO0OO0OO0OO0O0oOOo O O O0OO0OO0OO0OO0OO0oOO0oOo
O OC @ OO OO0OO0O eO0 ® O® Oe®OeO eo
O O OO0OO0OO0OO0OO0O0OOo O O O0OO0OO0OO0OO0OO0OO0oOo
O OC @ OO OO O eO0 O O O0OO0OO0OO0OO0OO0OO0oOo
O O O0OO0OO0OO0OO0OO0OO0oOOo O O O0OO0OO0OO0OO0OO0oOO0oOo
O OC @ OO OO O eO0 O O O0OO0OO0OO0OO0OOoOO0oOo
O O O0OO0OO0OO0OO0OO0OO0oOOo O O O0OO0OO0OO0OO0OO0OO0oOo
OO ® OO O0OO0OO0 eo0o ® O e Oe O e eo
OO O0OO0OO0OO0OO0OO0OO0oO0o OO0 O0OO0OO0OO0OO0OO0OO0oOO0o
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Figure 8.1. The iteration domains of F1 (left) and F2. (right)

The assignment to variable i nO with the value of a_1(i, j ) defines a data dependency between
the function F2 and the function F1.
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Program 8.2. SINGLE ASSIGNMENT PROGRAM

Let M be a paraneter.

Let F1 and F2 be two functions.

Let a1 be a two-di nmensional variable and in0O a tenp vari able.
Let g1, g2, g3 and g4 be control variables.

for i=1 to Mstep 2,
for j=1 to Mstep 2,

if nmod(i,3) == 0,
[ a_1(i,j )1 =F1();

end

if nmod(j,3) == 0,

ql=div(i+1,2);
if -i+2*ql-1>= 0,
g2=di v(j +1, 2);
if -j+2*g2-1>= 0,
gq3=di v(2*ql+2, 3);
if -i+3*q3-3 >= 0,
g4 = div(qg3,2);
in0 = a_1(i,j);

el se
in0 = a(i,j);
end
el se
in0 = a(i,j);
end
el se
in0 =a(i,j);
end
F2(in0);
end

end
end
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We specify the set of iterations at which F2 depends on F1. This set is equal to the set of iterations
for which the variable a_1(i , j ) is reached in the SAP.

Because a single assignment program belongs to the class of nested loop programs we defined in
chapter 3, we can apply procedure 5.1 for deriving the polytope for variable a 1(i, j ) . Asexplained,
the procedure sets up a parse tree, annotates the nodes with linear inequalities, and constructs the

polytope.
For ease of reference, we give here once more the linear inequalities by which an integer division
operator ¢ = div(a, b) is annotated in the parse tree:
0<a—-bxqg<(b—1) (8.1)
Example 8.1.

Index Transformation In program 8.2, the value of control variable g3 is defined by the assign-
ment statement:

g3 = div(2*ql+2, 3);
In inequality 8.1, we substitute a = 2¢1 + 3, b = 3, ¢ = g3, and obtain:
0<(2q1 +2) —3¢g3 <2 (8.2)
Figure 8.2 shows the points (¢, ¢3)” of the polytope for 1 < ¢; < 10. The points are:

(1,1),(2,2),(3,2),(4,3),(5,4),(6,4),(7,5),(8,6),(9,6), (10,7)
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Figure 8.2. The values of control variable g3 defined by di v(2*q1+2, 3).

|

The piece of code defining the domain of variable a_1(i , j ) has four control variables q1, g2,
g3 and g4, each defined by an integer division operator. In addition, the program has two loop
iterators: i andj . So the resulting polytope has six variables and lies thus in a six-dimensional space
Z°. The polytope is:
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i+1-29,>0
1+1—-2¢ <1
42 —1>0
J+1—=2g2>0
J+1-=2¢ <1

—J+2¢-12>0
21 +2—3qg3 >0
291 +2 —3q3 <2

i43¢3-3>0
q3—2q1 >0
g3 —2q4 <1

8.3 Linearly Bounded Lattices

We are interested in the values of the loop variables for which statements inside a program are reached.
The example above shows that polytopes can be complicated, which makes it not easy to derive this
information. In this section, we distinguish, therefore, between the loop variables and control variables
standing for the integer division.

To specify the values of the loop iterators, we define domains by linearly bounded lattices [23]
[77][78].

Definition 8.1. LINEARLY BOUNDED LATTICE
Let e be a polytope in Z™. Let k be the vector of control variables ranging over polytope e. Let I
be a vector taking values in Z".

With L a matrix of size n x m and O an integer vector, we define a linearly bounded lattice D as
the set of points I = Lk + O with k € e:

D={I|I=Lk+0O Akece} (8.3)
O

We say that the lattice points I are generated by the columns of L, with the variables of & bounded
by the polytope. We call O the offset of the lattice and the columns of L the lattice vectors.

Now let the elements of I be the loop variables. We split the lattice matrix L as [ L L, |, with Ly
an n x n identity matrix and Lo an x (m — n) zero matrix,

L= . . (8.4)
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and specify the values of the iterators by:
I =[LiLy]k +O

The lattice specifies the relation between the index points I in Z™ and the points & in Z™, with m > n.
The decomposition is valid when the variable of £ belonging to L, are defined by integer division
operators. Each null column in L corresponds to a variable introduced by an integer division operator.
When there are integer division operators, the lattice specification takes the form of a projection. The
points I are obtained by projecting the points in the polytope onto the iteration space. The fact that
we may project the polytope follows from the definition of integer division. The number of points in
polytope e equals the number of points of domain D. Thus for each iteration in D corresponds only
one point in polytope e.

Example 8.2.
Lattice The lattice of the iteration domain for variable a 1(i ,j ) is:

000
000

i\ _ (10 0 q 0
G)=Gianas))a|(o) 6

Figure 8.3 shows the iteration points for which function F2 depends on F1.
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Figure 8.3. F2 depends on F1 at the iterations indicated by the black dots.

8.4 Reducing the dimension of the polytope

By exploring the fact that some of the control variables of the polytope originate from integer division
transformations, we can reduce the number of variables of the polytope considerably. Often, we need
no more variables than the nesting level of the original statement in the program.
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The method is based on the Hermite normal decomposition [52]. Other approaches can be found in
[49] [57].

Let Q = (q1,..,qm)" be the vector of variables defined by the division operators. To find the
lattice defined by the integer divisions and other inequalities involving the variables of @), we write
the inequalities defining div’s as equations by setting the constant (b — 1) in equation 8.1 to zero.
Let NV be the matrix of which the rows are the normals of these equations. Let I be the vector of the
loop iterators. We write the system of equations defined by the div operators as:

I
N =0
< Q )
Example 8.3.

System of Equations With I = (4,5)” and Q = (q1, ¢2,q3,q4)", the system of equations corre-
sponding to program 8.2 is:

1—21 =0

j—Q*QQZO

2q1 —3¢3 =10

g3 — 29, =0

Thus matrix N is

1 0 -2 0 0 0
01 0 -2 0 0
N = 00 2 0O -3 0
0 0 O 0 1 -2

|

We assume that the system has a solution. Otherwise, we would have removed this piece of code
from the program by dead code elimination procedures.

The system has m equations in n + m variables. Because each row introduces a variable ¢y, it
follows that the rows of IV are independent. The null-space of the system is thus n-dimensional, equal
to the dimension of the iteration space. We call the variables corresponding to the null-space the free
variables of the system.

To find the solution, we use the Hermite normal decomposition [52]. This procedure gives us two
unimodular matrices C; and Cs such that:

N[C1Cs] = [HO]

in which the matrix H is called the Hermite normal form of N. Matrix H is nonsingular and has
thus an inverse, because the rows of NV are linearly independent. Observe that matrix C, consists of
the vectors of the n null-space vectors of N as NCy = 0. Therefore, any linear combination of the
vectors of Cy added to a given solution s will also be a solution of the system. Because we are only
interested in the values of I, we decompose matrix C into C41, size n by n, and C5 and decompose
matrix Cs into matrices Cy; and Cos as follows:

C C
c=la )= gn ]
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Now, the columns of matrix Cs; are the lattice vectors. Thus the Hermite normal form gives us
directly lattice matrix L defined by the divs.

Example 8.4.
Hermite Normal Form The Hermite normal decomposition of matrix IV gives:

Cyq

OO OO O
SO OO = O
o |
—_

o O O O O

and matrix Cs:

Cy =

— N O WO S
SO = O DN O

The values of the iteration vector I = (4,5)” are generated by the matrix Cy;. With K 1 the vector of
free variables, we write I, with offset O still to be determined, as:

6 0
I_<0 2>Kf+0

8.5 Lattice Offset

Next, we have to find the lattice offsets. Let B = (b1, ..,b,,)" be a constant vector consisting of the
divisors of the integer divisions, with remainder r, between 0 < r; < b,,,. An offset O must first of
all be an integral solution of the system:

O§N<0)<B (8.6)
Q

Apart from these inequalities, there may be other inequalities in the program that restrict the value of
Q. Inequalities not involving @ are disregarded as they do not affect the lattice offset.

Let < Ng, B, > be the system of all inequalities involving ). We assume that N,Cy = 0.
When this assumption is satisfied, we use the vectors of Cy; as lattice vectors because the variables
corresponding to Coq are free.

Let K, be the vector of variables corresponding to matrix C'; and let K, be the vector of variables
corresponding to matrix Cs.

We define (O, Q)7 as

(8)-e( )
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and substitute it in the polytope:

Nq<8> > B, (8.8)

resulting in the polytope:

N,C1K, > B, (8.9)

This polytope defines all the lattice offsets O = C11 K, and we call it the lattice offset domain.
The number of offsets depend on the value of the divisors b;,1 < j < m. The lattice corresponding
to the polytope is defined by:

I= CQle +0 (8.10)
0 =CnK, (8.11)
N,C\K, > B, (8.12)

The lattice is bounded by the other inequalities in the nested loop program, such as loop bounds.
These inequalities together form a polytope and define with the lattice an iteration domain.
A special case is when the offset domain contains a single point. Then the lattice descriptions reduces
to I = C91 Ky + O, and we do not have to enumerate the lattice offset domain.

Example 8.5.
Lattice Offset
In program 8.2 there are three conditional statements defining inequalities that depend on Q:

—i+2%ql—1>0
—i+2%¢q2—1>0
—i+3%¢3-3>0

After the substitution I = C11 K, and Q = C12 K}, we get inequalities in variables of Ky:

—k1>1
—kg >1
—k1— ks >3
By applying the same substitution in equation 8.6, we obtain the inequalities:
-1<k <0
—1<k <0
—2<k3<0
1< —k3+2k; <1

After some computation we find that K, = (—1, —1, -2, —1)7 is the only solution. So that the
offset is
O=CnKy=3,-1)7
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8.6 Result

When the column vectors of a lattice L of an iteration domain form a basis of the iteration space, the
iteration domain becomes easier to interpret.

In the case of the example, the values that iterator vector I = (4,5)” takes on are defined by the
lattice, bounded by the polytope e4:

(5)2(33)(’,2%(_31) (8.13)

Below, we have listed the program 8.3, which we obtained from single assignment program 8.2
by specifying the lattice with two modulo operations.

Program 8.3. PROGRAM WITH MODULO OPERATORS

Let M be a paraneter.

Let F1 and F2 be two functions.

Let a-1 be a two-di nensional variable and inO a tenp variable.

for i=1 to Mstep 2,
for j=1 to Mstep 2,

if nmod(i,3) ==0,
[a_1(i,j)] = F1( );
end

if mod(j,3) == 0,
if mod(i+3,6) == 0,

if nod(j+1,2) == 0,
in0 = a_1(i,j);

el se
in0 =a(i,j);
el se
in0 =a(i,j);
end
F2(in0);
end
end

end

8.7 Conclusion

In this chapter, we have explained the relation between integer divisions inside the single assignment
programs generated by HiPars and linearly bounded lattices. The SAP code produced by HiPars
can be complicated and hard to interpret because of possibly many additional control variables intro-
duced in the domain descriptions. We can optimize the code by reducing the number of variables by
applying the Hermite normal form on the system of equations on the these variables, which are defined
by integer division operators. This decomposition leads to matrices C; and C5, with corresponding
variable vectors K and K;. Matrix C5 defines the lattice vectors with the variables of K, as free
variables. The domain of lattice offsets is formed by a polytope in variables of K. The polytope is
characterized by matrix C and inequalities on the variables standing for the integer divisions.
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As a result, we can transform polytopes of iteration domains into linearly bounded lattices char-
acterized by polytopes of lower dimensions and a lattice forming the basis of the iteration domain.
Finally, the result can be used to simplify the single assignment program by using modulo operations.
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8.7 Conclusion




Chapter 9

Piecewise Regular Dependence Graphs

9.1 Introduction

The single assignment form in which the result of the data dependence analysis is written, is, in fact, an
intermediate format. In this chapter, we convert single assignment programs into dependence graphs
(DG). A dependence graph consists of a set of nodes and a set of edges. Nodes stand for function
evaluations. Edges define precedence relations between the nodes and represent the argument passing
between functions inside the single assignment program. A DG is an applicative specification of the
functional behavior of the single assignment program, which implies that the model is free of memory
and control.

Below, we first consider programs consisting of a sequence of assignment statements only and
derive a DG by enumerating the function calls. After that, we consider programs with control state-
ments. We restrict ourselves to the class of nested loop programs as defined in chapter 3. Because the
number of function evaluations of such programs may be large and may depend on size parameters,
we can no longer use enumeration. Instead, we exploit the regularity of the DG and group edges and
nodes in regular pieces, which we derive systematically from the control structure of the program. We
refer to DGs specified in this way as piecewise regular dependence graphs.

The derivation of the DG from an SAP can be regarded as a refinement step. A functional spec-
ification in the form of a single assignment program is refined structurally into a graph of nodes and
edges. In chapter 15, we show that this refinement may be applied on a node at any level of hierarchy.
Here we assume the refinement to take place on a certain level of hierarchy and treat elements of the
DG, i.e., edges, nodes and ports as elementary elements, without bothering about what is inside them.

The outline of this chapter is as follows. In section 9.2, we give formal definitions of the elements
of a dependence graph, its nodes, ports and edges. As example, we specify a DG by enumeration.
In section 9.3, we derive piecewise regular DGs from programs which contain also control statements.
For this purpose, we have implemented the tool sap2dg that converts a SAP into a DG. The tool takes
as input a SAP, typically generated by HiPars, and outputs the equivalent DG description. As example,
we convert a part of the SVD algorithm 2.7 into a dependence graph. The description is written in the
HiFi design language [80], which is based on Objective C [69] and describes a data structure in which
elements of the DG are represented by objects. The transformation tools of the HiFi system operate
on this data structure. In the appendix, we have listed several objects representing dependence graph
elements.
In section 9.4, we make some remarks about the optimization of the DG description.

97
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9.2 Dependence Graphs

According to its definition, a single assignment program is a program in which every variable is
assigned one value only during its execution [92].

Because of the single assignment property, we can derive the data dependencies directly from the
program description. The tool HiPars outputs SAPs with the left-hand side variables fully indexed.
As a result, read accesses to these single assignment variables correspond with the data dependencies
inside the program.

To make the dependence structure more explicit, we represent the single assignment program as a
dependence graph. The elements of the dependence graph are nodes, ports and edges. The dependence
graph is functionally equivalent to the single assignment program.

In [80] a primitive or elementary node is defined by input and output ports and a functional be-

havior specifying the input-output behavior of the node.
To specify functional behavior, more formally, we introduce the notion of type. A type is a set of
values. By declaring an object of type T, we specify that the object takes only values ranging over
the set of values T'. Examples of data types are ’Integer’ and "Float’. Structured types are formed by
product sets of types, denoted in the familiar tuple notation.

Definition 9.1. PORT

Let / be a name.
Let T be an arbitrary type with ¢ € T an arbitrary value.

We define a port p by the name-type pair: < [, T >. The value of port p is the name-value pair
< I,t >. We T the type and ¢ the data value of port p. O

The name of a port must be a unique identifier among the set of the node’s input or output ports.
Based on definition 9.1, we define an elementary node.

Definition 9.2. ELEMENTARY NODE
A node N consists of input and output ports and a functional behavior.
Let I be the input domain formed by the product set of the types of the input ports of node V.
Similarly, let O be the output domain formed by the product set of the types of the output ports of N.
We define the function f, from I to O, withi € T'and o € O:

I— O:o0= fy(i) 9.1)
as the functional behavior of node V. O

The behavior of a node according to this definition is deterministic. Values of the output ports
of a node are completely determined by the current input values. In other words, the output of an
elementary node does not depend on the input of the past (no hidden states).

For instance, we can model a multiplication operation by a node with two input ports « and b and
one output port i and define f;, by the expression:

y=ab

In this example the functional behavior is specified by a simple expression. In general, we specify
the functional behavior f;, of a node by an algorithm, in the form of a MATLAB program, which gives
the constructive procedure to compute the output from the input of the node. In program 9.1 below,
we have listed the algorithm of the function ’RotRow’ called by the SVD algorithm. It is the same



Piecewise Regular Dependence Graphs 99

<A1,Foat> <y1,Float>
<th,Float>
<A2,Foat> <y2,Float>

Figure 9.1. Node 'RotRow’ with its input and output ports. The labels are the name-type
pairs of the ports. All ports have data type 'Float'.

algorithm as the one given in chapter 2 but here expressed in the functions of the math library listed
in table 1.2 in the introductory chapter. It illustrates that a node may stand for complete algorithms
as long as the algorithm has a functional behavior.

Example 9.1.

Node "RotRow’

We specify node "RotRow’ by three input ports, p;1, ps2, and p;3,and two output ports p,1 and pgo
all of data type F'loat. We name the input ports according to the input variables in the algorithm: Al,
A2 and th. Thus, the input ports are:
pi1 =< Al, Float >,pjs =< A2, Float > and p;3 =< th, Float >.

Similarly, we name the two output ports y1 and 42 of data type "Float’:

Po1 =< yl, Float >,pyo =< y2, Float >.
Figure 9.1 shows elementary node "RotRow’ with its input and output ports.

Program 9.1. ALGORITHM OF NODE ’ROTROW’

We refer to the math library for definitions of the functions used.
Variables Al, A2 and th are input variables.

Variables yl1l and y2 are output variabl es.

Variable hl, h2,..., h8 are tenp vari abl es.
hl = cos(th);
h2 = nul (AL, h1);
h3 = sin(th);
h4 = nul (A2, h3);
yl = sub(h2, h4);
h5 = sin(th);
h6é = nul (AL, h5);
h7 = cos(th);
h8 = nmul (A2, h7);
y2 = add(h6, h8);

We represent argument passing between functions by edges.

Definition 9.3. EDGE
Let p; be an input port of a node.
Let p, be an output port of another node.
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We define an edge e by the tuple < p;, p, >. O

The data type of the token carried by an edge is defined implicitly by the data types of the ports
it connects. The values of the tokens that flow along the edges are the values of the variables in the
underlying single assignment program.

An edge defines a precedence relation between the nodes that it connects. The node of the output
port must be evaluated before the node of the input port. The ordering of the nodes by edges is a
partial ordering.

Now we give a formal definition of dependence graphs.

Definition 9.4. DEPENDENCE GRAPH
A dependence graph, DG, is an acyclic graph and consists of a set of nodes N and a set of edges
E. The nodes stand for function evaluations and the edges stand for precedence relations between the

functions of the underlying single assignment program.
O

Observe that a DG is an applicative description and is thus free of variables (memory). It is an
alternative specification of the functional behavior of nodes, which we may interpreted as a structural
refinement of the node initially specified by a single assignment program.

When the number of function evaluations is small, we can specify the DG by enumeration. We in-
troduce a node for each function evaluation and an edge for each argument passing between functions
via the single assignment variables.

<A1l,Float> <y1,Foat>
<th,Float>
<A2,Float> <y2,Float>

Figure 9.2. The dependence graph of the node 'RotRow’.

Example 9.2.

Dependence Graph of function "RotRow’

We give the dependence graph for program 9.1 specifying the functional behavior of the node
"RotRow’. It is easy to verify that the program is in single assignment form.

The first function is function cos, which we represent by node N;. The second function is nul ,
which we represent by node Ns. In total there are 10 nodes.

Assume that the input and output ports of the nodes are named in1, in2,... and outl, out2,...,
respectively. To make the names of ports unique, we refer to ports by their full name, which is the
concatenation of the name of the node and the name of the port.

The second argument of the first function mul is the output of function cos via variable h1,
which we represent by the edge:

dy = (NQ.’L"HI, Ny .outl)
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In total there are 8 edges.

Thus the DG is:

< {Nl, No, N3, Ny, N5, Ng, N7, Ng, Ny, Nlo}, {dl, da,ds,dy, ds, dg, dr, dg} >.

Figure 9.2 shows the dependence graph. The dashed lines represent edges (links) between un-
connected input and output ports of the nodes to the input and output ports of node ’RotRow”’ itself.
These edges (links) correspond to the input and output variables A1, A2,t h,y1,and y2.

O

9.3 Piecewise Regular DG

The programs we consider may have control statements and size parameters. This means that the
number of functions evaluations may be large and may depend on the size parameters, which makes
specification of dependence graphs by enumeration impractical, or even impossible.

In order to specify dependence graphs for our class of nested loop programs, we introduce the
concept of node-domains, edge-domains and port-domains. These domain definitions are also the
basis of an hierarchical data structure on which design transformation tools, such as space-time trans-
formation, operate. In chapter 14, we discuss this data structure in detail.

9.3.1 Node-Domains

The number of function evaluations of a program depends on the number of function-call statements
and the size of the iteration domains of these statements. Each iteration in the iteration domain of
a function-call statement corresponds to a function evaluation. The control statements active for the
function-call statement determine the shape of the iteration domain.

We group the set of nodes associated with a function-call statement as node-domains. All the
nodes within a node-domain have by definition the same functional behavior. 1

We identify each node by an index, which is equal to the value of the corresponding iteration
vector.

The iteration domain is characterized by a linearly bounded lattice [77]. Let & be the vector of
control variables and e be the polytope corresponding to the function-call statement. With lattice
matrix L defined by [ L1 Lo |, L1 an n x n identity matrix and Ly a n x (m — n) zero matrix, as shown
in chapter 8, the iteration domain Z is defined as:

I={I|I=Lk+O Akee} (9.2)

Definition 9.5. NODE-DOMAIN
Let Zyp be an iteration domain
Let V be a node.
A node-domain N D is a set of indexed nodes all having the same functional behavior as node N:

ND = {N]|I GIND}

LA node may have its own parameter setting.
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Figure 9.3. The node-domain corresponding to the function-call statement 'RotRow’. The
black dots are the nodes computing the function 'RotRow’.

Example 9.3.

Node-Domain

In chapter 7, we derived the single assignment program of program ’Rotate’. In program 9.2
below, we have striped this program to show only the statements which are relevant to the derivation
of node-domains.

We specify the node-domain corresponding to the function-call statement Rot Row. The behavior
of the nodes is specified by node "RotRow’, which we have defined in the previous section.

The control vector of the statement is k& = (i, 5, p)”, where variable p is introduced to account for
the loop stride. The polytope defining the values of & is defined by:

1>1
1< M-1
1=2%Dp
j>1
j<M

Next, we specify the lattice. The iteration vector I is (i, 7). Thus, matrix L is a 2 x 2 identity
matrix. The polytope has one additional variable p. So matrix Lo has one zero column:

()G a)(3)+ ()

Figure 9.3 shows the iteration domain for M = 8.

9.3.2 Edge-Domains

The structure of a single assignment program corresponds one-to-one to the structure of the original
nested loop as far as the function call statements are concerned. Arguments of a function are as-
signed in assignment statements preceding the function-call statement. As shown in chapter 7, these
statements are of the form:
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Program 9.2. PART OF SAP OF 'ROTATE’

Let M be a paraneter.

Let Rot Row and Rot Col um be functi ons.

Variable al,a2,a3,a4 are single assignment variabl es.

for i =1: 2: M1,
for j =1:1: M
[ a_1(i,j),a_2(i,j)] = RotRow(inO,inl,in2);
end
end
for i =1: 2: M1,

for j =1:1: M

[ a_3(i,j),a_4(i,j)] = RotColum(inO,inl,in2);
end

end

inﬂ = ipd('Ua(D(k)))

In this chapter, we also fully index the argument variables like in g.
As an example, an assignment statement from SAP program 7.1 becomes:

[inl(i,j)] = ipd(a_2(2*p6-1,i+1));

We assume that the names of the argument variables match the names of the input ports of the
node representing the function.

In a way similar to that done for nodes, we group ports into port-domains. We define a port-
domain by a port p and an iteration domain Zpp:
PD =<p,Ipp >.

The polytope of iteration domain Zpp is the polytope corresponding to the assignment statement.
Let this polytope be denoted by e. With the lattice specified by a lattice matrix L; and an offset vector
O;, we define a port-domain PD; by:

PDi:{p]i|IZ':L1'/€+OZ' Nk €e}

The lattice matrix L; can be decomposed into an L; and an Lo matrix as we did for the lattice
matrices of node-domains. This means that the lattice points are obtained by projecting the points
inside the polytope on the iteration space.

The indexing function D of a right-hand side variable inside an assignment statements is the
dependency function. This function is an affine function on the control vector k of the assignment
statement, and specifies the index I, of the output port:

I, = D(k;) (9.4)

Thus, there is an edge d = (py,, pr,) between the input port py, and the output port py, .
The domain of the port-domain defining the output ports is formed by the same polytope e but
now with dependence function D() specifying the lattice:

PD,={p;, |I,=D(k) Nke€e}

Next, we introduce edge-domains as constructors for edges. By edge-domains we have a reduced
specification of the edges of a DG.



104 9.3 Piecewise Regular DG

We define an edge-domain by a dependence function and a polytope on which the function is
defined.

Definition 9.6. EDGE-DOMAIN

Let e be a polytope and &; the vector ranging over polytope e.
Let D() be an affine function on ;.

An edge-domain ED is a set of edges of the type:

ED = {d = (p;,pk,) | ko = D(ki) N ki €e} (9.5)
O

Observe that the polytope of the edge-domain is the same as the polytope of the input port-domain.

In general, polytopes of edge-domains have more variables and inequalities than polytopes of
node-domains, because the control structure for dependencies inside programs is generally more com-
plicated than the control structure of function calls.

All input ports of a node must be connected. As an input port can have at most one incoming
edge, port-domains of a particular input port are mutually disjoint.
Note that output port-domains can overlap, as output ports may have multiple outgoing edges (broad-
casts).
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Figure 9.4. The set of edges specified by an edge-domain for the second input port of the
'RotColumn’ nodes.

Example 9.4.

Edge-Domain

In program 9.3 below, we have listed the part of the single assignment program of ’Rotate’ speci-
fying the input for the second argument of the function Rot Col urm. There are three assignments to
the input variable i n1(i,j).

We specify the edge-domain corresponding to the first assignment to input variable i n1(i,j):

[ inl(i,j) ] = a_1(2*p5-1,i+1);
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Figure 9.5. All the edges for the second input port of the 'RotColumn’ nodes.

The polytope of the edge-domain is defined by:
1=14+2p
1< M-—1
j>1
j<M
M-—j—1>0
j+1—-2p5=0

The input port-domain corresponding to this edge-domain is the set of input ports hamed i nl
of the Rot Col urm nodes. We specify the indices of these input ports by the polytope of the edge-
domain, listed above, and the lattice I = L;k + O:

kq

i\ _ (1 000 ko 0
G)-Govaa) s |+(o) 6
ps
The output port-domain of the edge-domain is the set of output ports named out 1 of the Rot Row

nodes corresponding to the variable a_1. Its iteration domain is defined by the polytope of the edge-
domain, but now with the dependence function D() defining the lattice:

k1

1o 0 0 0 2 ko —1
Co)=(a o) 5 ]+ 6
bs
Figure 9.4 shows the set of edges specified by the edge-domain. There are two other assignment
statements to variable i n_1(i,j ) in the code. Their edge-domains can be specified similarly. In
figure 9.5, we have enumerated the edges between nodes Rot Col urm and Rot Col specified by the

three edge-domains.
|
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Program 9.3. PART OF SAP FOR THE SECOND ARGUMENT OF Rot Col unmn
Let p5 and p6 be control variables.
Let a-1 and a-2 be fully indexed single assignnment vari abl es.

for i=1: 2 : M1,
for j=2: 1: M

if Mj-1>=0,
p5=di v(j +1, 2);
if -j+2*p5-1>=0,
[inl(i,j)] = a_1(2*p5-1,i+1);
el se
if j-2>=0,
p6=di v(j,2);
if -j+2*p6>=0,
[inl(i,j)] = a_2(2*p6-1,i+1);
end
end
end
el se
if j-2>=0,
p6=di v(j, 2);
if -j+2*p6>=0,
[inl(i,j)] = a_2(2*p6-1,i+1);
end
end
end
[out O, outl] = RotColumm(inO(i,j),inl(i,j),in2(i,j));

9.3.3 Piecewise Regular DG

To summarize, a piecewise regular dependence graph (PRDG) is modeled by:

e linearly bounded lattices Z,
I={1€Z"I=LK+O0O,K € Z™ AK < B}

with O and B integer constants, which may be parameterized.

forming the support of:

e node-domains (N D) defining sets of indexed nodes all of the same type:

ND = {n1|I € IND}

e port-domains (P D) defining sets of indexed ports:

PD = {p]|I c IPD}

e edge-domains (E D) defining sets of edges characterized by an affine mapping D from an input
port-domain, PD;, to an output port-domain, PD,:

ED = {(pr,ps)lpr € PDj,py € PD,,J = D(I)}

Definition 9.7. PIECEWISE REGULAR DG
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A piecewise regular DG(N/, £) is a directed graph G(N, E) with
N ={NDy,ND,,...} aset of node-domains defining the set of nodes N and
& ={ED;,ED,,...} aset of edge-domains defining the set of edges E. 0

A piecewise regular DG is a reduced description of a dependence graph.

We now discuss the piecewise regular DG corresponding to SAP program ’rotate’. The DG of
‘rotate’ consists of two node-domains N D, and N D, which represents the nodes ’RotRow’ and
"RotColumn’, respectively. The dimension of the index domains of both node-domains is two. In the
SAP produced by HiPars, there are six edge-domains specifying edges between the node-domains.
In addition, there are edge-domains specifying edges between the input and output ports of the DG
itself.

To simplify the edge structure, we apply an index transformation on the node-domain of "RotCol-
umn’: (7',5") = (j,1) [86]. This results in the DG depicted in figure 9.6. It shows clusters of 2 x 2
rotations that are independent of each other.

Figure 9.6. The dependencies between the node-domains of DG 'rotate’ after index trans-
formation.

To show a more complicated example, we have derived the DG for the loop body of the loop
statement of st age inside the SVD program. This loop body consists of six loop stages with function
calls to Angl e, Rot Rowand Rot Col unn. Three loop stages correspond to the odd-indexed row
and column rotations and the other three to the even indexed. We have added two additional loop
stages. In the first loop stage, array A is initialized and in the last loop stage the result is read out.
Thus, the complete program consists of eight loop stages.

Figure 9.7 shows the dependence graph of the loop body without the dependencies for the angles
t hlandt h2. Inthe upper right corner of the figure, the set of nodes initializes the array A. The nodes
in the lower right corner of the figure read out the result. We have applied a similar transformation on
the second node-domain of the function Rot Col urm. Note that each node-domain still has its own
index space.

The angles are broadcasted into the array, see figure 9.8, which can be localized in order to obtain
a locally connected DG. This DG can be regarded as a full-sized array. We can transform it further by
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the transformation HiFi system’s tools.

9.4 Optimization

An important optimization is the removal of redundant inequalities and variables from the polytopes
of edge-domains and node-domains.

For this purpose, we use existing methods: (1) the Chernikova routine [27] and (2) the omega
test [57]. The Chernikova computes the extreme boundary points of a polytope, which is the dual
representation of a polytope.

The omega test is a software routine that is based on the Fourier-Motzkin elimination method. It tries
to derive equations from the polytope. Variables that are defined by equations can, in certain cases, be
removed.

Both methods treat parameters as variables. As a result, parameterized polytopes will generally
consist of more inequalities than nonparameterized polytopes. It depends on the context whether an
inequality is redundant or not. An inequality may be redundant for certain parameter values but may
be not for other parameter values. From this follows that we can optimize HiFi descriptions further
once we have set the value of the parameters for a specific application.

9.5 The tool ’sap2dg’

We have implemented the tool sap2dg. The tool inputs a single assignment program and converts it
into a piecewise regular DG described in the HiFi design language.
The output of the DG is a data structure in which objects represent the node-, edge-, and port-
domains defining the elements of the DG. In the appendix, we have listed several example objects.
The data structure has a tree structure. The child objects of the root are the node-domain objects
and the edge-domain objects. The port-domains are children of the node-domains to which they
belong.

9.6 Conclusions

We have explained how nested loop programs in single assignment form are represented by piecewise
regular DGs, which are applicative specifications of the single assignment programs.

We have obtained a compact description of DGs by specifying the elements by index domains.
By using index domains we have an algebraic well-defined specification on which we can apply
transformations such as space-time transformation, partitioning and projection [23].

The piecewise regular DG can be used for the whole class of single assignment programs that
HiPars outputs. The number of node-domains is equal to the number of function-call statements
and the number of edge domains is equal to the number of RHS variables inside the single assignment
program. However, a DG may consist of irregular parts as well, as we have illustrated by the example
given at the beginning of this chapter.

By means of port-domains we specify for each input port and output port of a node the edge
to which it is connected. This is necessary because in a data-flow architecture the communication
between the nodes is asynchronous. As a consequence, we have to specify when a node must read
its input ports and when it must write to its output ports, i.e., we have to specify control for each
individual port.
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Figure 9.7. The dependence graph of the loop body of the loop statement st age of the
SVD program for M = 8, extended with an input and an output stage. The edges and
nodes of the angles are not drawn.
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9.6 Conclusions
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9.7 Appendix: HiFi Objects

Below, we give example objects, which belong to the piecewise regular DG description of ’rotate’.
The objects are written in the HiFi design language, which is based on objective C. The objects are
generated by the conversion tool sap2dg.

Example 9.5.

Polytope

We create a pol yt ope object by the method name of the class Pol yt ope. We set matrices A
and B with the methods set AMat ri x and set BMAL r i X, respectively. We specify the parameters
of the polytope by the method set Par Vect or . Below, we have listed the polytope object for the
function call to Rot Col umm. This polytope has one parameter M and three control variables: " i ",
i, 'p’ . ltliesthusin Z3.

pol yRot Col uim = [ Pol yt ope create];

[ pol yRot Col utm set KVector: ('i’'; "j’'; "p')1;
[ pol yRot Col utm set AMatri x: (

0,-1,0;

0,1, 0;

-1,0,0;

1,0,0;

1,0,-2;

-1,0,2)];

[ pol yRot Col utm set BMatri x: (

o, -1;

1, 0;
o, -1;
1,-1;

’ l

o, 1;
0,-1)1];
[ pol yRot Col umm set Par Vector: ("M)];

Example 9.6.

Iteration Domain

We create a iteration domain object by the method cr eat e of the class Domai n. We set
the polytope of the domain by the method pol yRot Col unm. We set the lattice by the method
set Lat ti ce. The lattice is defined by an Af f i neMap object.

Below, we have listed the object for the node-domain of the function call to Rot Col umm. The
iteration-vector is I = (i,j)”. Thus matrix L; is a 2 x 2 identity matrix. In addition, the polytope
has one control variable p, to model the stride. So lattice matrix L is extended by addition of a zero
column,

aDomain = [ Domain create];

[ aDormai n set Pol yt ope: pol yRot Col um] ;



112 9.7 Appendix: HiFi Objects

lattice = [AffineMap create];

[ anAffineMap set AMatrix: ( 1,0,0;
0,1,0)];

[ anAffineMap setBwatrix: ( 0,0, O0;

0,0,0)];

[aDormain setlLattice: lattice];

Example 9.7.

Node-domain

We create a node-domain object by the method narre of the class NodeDormai n. We set the type
of the node and the domain with the methods set NodeType and set Domai n, respectively. The
code for the node-domain of Rot Col um is:

ND_Rot Col utm = [ NodeDomai n nane: ' ND_Rot Col um’ ] ;
[ ND_Rot Col unm set NodeType: ' Rot Col um’ ];
[ ND_Rot Col utm set Dormai n: aDomain ];

Example 9.8.

Edge-Domain We create an edge-domain object by the method nane of the class EdgeDonai n.
In addition, we have to specify the names of an input port domain and an output port-domain.
An edge-domain corresponding with the input argument of the function Rot Col unm in program 9.3
is specified below. We set its attribute pol yt ope to pol yl n1. We have not listed the HiFi code for
this polytope. The port-domains | PDand OPD are specified in the HiFi codes below.

ED = [ EdgeType nane: 'ED ];

[ ED set ToNodeNare: ' ND_Col um’ ];

[ ED set ToPortNane: 'IPD ];

[ ED set FromNodeNane: ' ND_Rot Row ];
[ ED set FronmPort Narme: ' OPD ];

[ ED set Pol ytope: polylnl J;

Example 9.9.

Input Port-Domain We create an input port-domain by the i nput : t ype method of the class
Por t Dommai n, by which, in addition, the name and type is set. The type is a reference by name to
another port.

The input port-domain belonging to edge-domain EDis specified by input port a_1 of node Rot Col urm
and a domain. We specify the domain by the polytope of ED_10 and a lattice matrix Li , which takes
the form of a projection matrix. We set lattice matrix Li with method set ToMap.

IPD = [PortDomain input: 'IPD type: "inl ];
[IPD setVariable: "a_ 1" ];
[ ND_Rot Col utm addPort Donain: |PD];
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Li = [AffineMap create ];

[Li setAmvatrix: ( 1,0,0,0;
0,1,0,0)1;

[Li setBwvatrix: ( 0,0; 0,0)];

[Li setParVector: ( "M)];

[ ED set ToMap: Li ];

Example 9.10.

Output Port-Domain We create an output port-domain by the method Por t Dormai n. We have to
specify a name and a type. The type is a reference by name to another port.
The output port-domain belonging to edge-domain ED is formed by the ports named out 1 of the
Rot Col umm nodes. The domain is defined by the polytope of ED and a lattice matrix Lo, which is
equal to dependence function F' = (2p6 — 1,i + 1)7. We set lattice Lo with the method set Fr omiVap.

OPD = [PortDomain output: 'OPD type: 'outQ ];
[OPD setVariable: "a 1" ];
[ ND_Rot Row addPort Dormai n: OPD ] ;

Lo = [AffineMap create];

[Lo setAvatrix: ( 0,0,0,2;
1,0,0,0)];

[Lo setBmatrix: ( 0,-1;0,1)];

[Lo setParVector: ( "M)];

[ ED set Fromvap: Lo ];
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Chapter 10

Hierarchical Graphs

10.1 Introduction

In the previous chapter, we presented the model for piecewise regular dependence graphs. Although
they are described in a reduced way, the descriptions can still be complex, even for a small nested
loop program, such as the SVD program 2.7.

The reason for this complexity is that parallelism is expressed at the level of iterations. As a result,
the DG is often so detailed that it offers few insights to a designer. To retain overview, we use the
concept of abstraction, which leads us logically to hierarchical graphs. By applying abstraction we
hide detail without losing it.

The definitions of the elements of hierarchical graphs are based on the well-known recursive
definition of sets. The elements of a set are either singletons or sets themselves. Singletons can be
viewed as the most elementary kind of set. For example, in classical set theory there is just one
singleton, namely @, see [32]. An hierarchical element is a set of elements, which may be hierarchical
themselves. We refer to “singleton’ elements as elementary.

We use port-domains, node-domains and edge-domains of DG descriptions as set constructors.
Note that there are many other ways to specify sets.

We have already applied abstraction when we modeled function evaluations by nodes of depen-
dence graphs. There too, we are only interested in what a node computes, i.e., its functional behavior.
Of course, each node computes according to a certain algorithm but we consider this algorithm only
as a specification of the functional behavior.

In contrast to elementary nodes, we know the structural refinement of hierarchical nodes, which
we specify by dependence graphs too. Along the same line of argument, we can also temporally refine
nodes. Temporal decomposition of nodes is discussed in chapter 12.

Just as elementary nodes, hierarchical nodes have input and output ports. Ports of (hierarchical)
nodes can be connected by (hierarchical) edges. A set of nodes interconnected by (hierarchical) edges
is called an hierarchical graph. Often, we will not explicitly mention that an element of a graph is
hierarchical when it is clear from the context or when it is not relevant.

More formally, we consider an hierarchical graph as a composition or structuring of the underlying
DG into segments specifying the structure of hierarchical nodes. The composition of a dependence
graph into segments is arbitrary. Any composition of the underlying DG into segments, which are
connected in some way, can be the basis of the hierarchical graph. We compose the graph according
to the structure of the DG description in terms of port-, node- and edge-domains.

We create for each DG node-domain an hierarchical node. The number of assignment statements

115
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in the nested loop program is usually small and equal to the number of node-domains. As a result, the
graph will consists of a few number of nodes. The number of edges then equals the number of data
dependencies between the segments.

Other rules apply for hierarchical graphs. They may be cyclic, and hierarchical ports may have
multiple incoming edges. The main rule is that the underlying dependence graph, obtained by flatten-
ing the hierarchical graph, must be a valid one.

In section 10.2, we derive the hierarchical graph from the DG of ’Rotate’. In section 10.3,
we present the tool "HiCompose’ that derives hierarchical graphs from a DG description. Then, we
present the hierarchical graph of the SVD algorithm and discuss its complexity.

The drawings in this dissertation were made with the tool "HiView’, which we implemented to
display graphs. The advantage of hierarchical graphs is that they are two dimensional, regardless of
the dimension of the iteration spaces of the underlying DG. We believe that a geometrical view on
graphs is helpful to the designer in coping with the design complexity.

10.2 Hierarchical Graphs

In this section, we give definitions of hierarchical ports, nodes and edges and compose, as an example,
an hierarchical graph from the dependence graph corresponding to the SAP program ’rotate’ listed in
the appendix of chapter 7. The structure of a hierarchical graph corresponds one-to-one with the
structure of the DG in terms of port-, node-, and edge-domains, which we will use as constructors of
hierarchical elements.

First we define a hierarchical port.

Definition 10.1. HIERARCHICAL PORT
Let [ be a label.
Let Tpp be a port-domain.
An hierarchical port AP is defined by the name-type pair < I, Tpp > and is a set of ports, which may
be hierarchical themselves:

AP = {plpeTpp} (10.1)

We call [ the name and T’p, the type of port AP. O

Observe the resemblance to definition 9.1 of elementary ports. Here, elementary ports are con-
sidered to be singleton. The type of an hierarchical port is not a set of data values but a set of ports.
Hence, we cannot really speak about the value of an hierarchical port because the port is a set of
individual ports each having its own value. The grouping of ports into sets does not have a functional
meaning, although it is sometimes useful to think of the value as the composition of the values of its
individual ports.

To introduce the notion of hierarchical nodes, suppose that we cut a dependence graph into a
number of segments. Further, assume that we use as cuts the inequalities (half-planes) of the node-
domains of the DG description. Then, we obtain as many segments as there are node-domains in the
DG description. Our objective is to represent each segment of the graph by a segment node whose
structure is defined by a segment.

Depending on the way the edges of a segment cross cuts, we classify them into three kinds: local,
incoming and outgoing. Local edges are edges connecting node ports of the same segment, they are
edges that do not cross a cut. These edges are of the local structure of the segment node. Incoming
edges depart from nodes of other segments. Outgoing edges arrive at nodes of other segments.
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According to definition 9.6, an edge-domain is specified by a dependence function, an input port-
domain PD;, and an output port-domain PD,. We use the port-domains of non-local edges as the
type of the hierarchical ports of the segment nodes. A P D; of an incoming edge-domain becomes the
type of an input port of a segment node. An P D, of an outgoing edge becomes the type of the output
port of a segment node.

Definition 10.2. SEGMENT NODE

Let ND be a node-domain and F;, E,, and E; be the sets of incoming, outgoing, and local
edge-domains of N D, respectively. Let V; = {PD;;,PD;»,....,PD;,,} be the set of input port-
domains of the incoming edge-domains. Let V, = {PD,1,PD,>,..., PD,, } be the set of output
port-domains of the outgoing edge-domains.

A segment node consists of n; input ports of which the types are the port-domains of V;, n, output
ports of which the types are the port-domains of V,, and a segment comprising the nodes of N D and
local edges. The elements of the segment may be hierarchical themselves.

O

ROTROW

D = hierarchical input port

' = hierarchical output port

Figure 10.1. Segment node 'ROTROW’ with its (hierarchical) ports, which are sets of ports.

In the previous chapter, we specified the DG of ’rotate’ by two node-domains and six edge-
domains between the node-domains. Figure 10.1 shows the external view of segment node ’'ROTROW”.
The node itself contains a graph segment and its ports are sets of ports. In a way, the segment is the
structural refinement of node 'ROTROW’.

More generally, we speak of a DG node when we specify the structure of a node by a dependence
graph, instead of a single segment. The DG node can be regarded as the result of merging a number
of segment nodes.

As stated in the introductory chapter, we can also temporally refine nodes. When the type of
refinement, structural or temporal, is not relevant to the discussion, we speak about hierarchical-
nodes.

At the higher level graph, we connect the segment nodes with hierarchical edges.

Definition 10.3. HIERARCHICAL EDGE

LetTgp =< PD;, PD,, D > be an edge-domain.
Let [ be a label.

An hierarchical edge AE =< I, Tgp > is the set of edges, which may be hierarchical themselves,
defined by:
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D = hierarchical input port

= hierarchical output port

/ —_— = hierarchical edge

Figure 10.2. The hierarchical graph of 'rotate’ comprising two segment nodes intercon-
nected by hierarchical edges.

th2

AE = {e|le€Tgp} (10.2)
|

Note that each individual edge of the set must be an element of type Txp, i.e., e = (pi, Do) Ap;i €
PD; Ap, € PD,. The individual edges are connected according to the dependency function of the
edge-domain. Ports connected by edges must match. This means that the type of the input port must
match the type of the output port.  However, an hierarchical edge may connect a subset of the ports
of an hierarchical input port. This implies that, in contrast to elementary ports, hierarchical input
ports may have multiple incoming edges, as long as after expansion this will not cause a conflict at
the elementary port level.

The graph obtained after we have connected segment nodes by their edges has two levels of hier-
archy as its nodes are graphs themselves. By applying abstraction on the graph again, we can add a
third level of hierarchy. It is an recursive construction. In principal, there is no limit to the level of
graph hierarchy.

Example 10.1.

The hierarchical graph of ’rotate’

Figure 10.2 shows the hierarchical graph of 'rotate’ consisting of the segment nodes ’'ROTROW’
and ’ROTCOLUMN?’ and hierarchical edges connecting the ports of the nodes. The graph itself has
three input by which it may be connected at a higher level graph. O

10.3 The tool "HiCompose’

We have implemented the tool "HiCompose’ for composing hierarchical graphs. The tool takes as
input a dependence graph description and outputs a graph of segment nodes and hierarchical edges.
The procedure of "HiCompose’ consists of two steps.

The level of hierarchy of ports may differ from the level of hierarchy of their nodes.
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Let V' be the set of node-domains and £ be the set of edge-domains of a DG.
Step 1 of the procedure creates for each node-domain ND € N a segment node SN:

e specify the structure of SN by the node-domain N D and local edges-domains ED € E;.

e specify an input port of SN for each incoming edge-domain ED € F; and declare the P D; of
ED to be the type of the port.

e specify an output port of SN for each outgoing edge-domain ED € FE, and declare the PD,,
of ED to be the type of the port.

Thus the original port-domains of the nonlocal edges are used as types of ports. A PD,, of each
nonlocal edge-domain is used as the type of the output-port and a P D; is used as the type of the input
port of the corresponding segment nodes. This is another application of port-domains. Observe that
hierarchy does not introduce new elementary elements.

Step 2 of the procedure interconnects the segment nodes with hierarchical edges. We add an
(hierarchical) edge for each nonlocal edge-domain and connect the corresponding hierarchical input
port and output port. The type of each (hierarchical) edge is specified by an edge-domain.

To summarize: the hierarchical graph is an irregular graph consisting of

e segment nodes for each node-domain in N/

¢ hierarchical edges for each edge-domain in £.

10.4 Data Dependence Analysis of SVD

In this section we present the data dependence graph of the Singular Value Decomposition algorithm
generated by HiPars [37] [22]. First we discuss the complexity of the DG of the SVD algorithm.
Next, we present the DG in the form of an hierarchical graph.

104.1 DG of SVD

The SVD algorithm has 12 LHS variables and 20 RHS variables and has a quite complicated depen-
dence structure. Table 10.1 gives an overview of the data dependencies between the variables of
program 2.7. We have placed the LHS variables of program 2.7 at the top margin of the table and
the RHS variables at the left margin of the table. We have indicated dependent variables with the
character d. The table shows that HiPars has found in total 51 dependencies.

Each row of the table shows on which LHS variables an RHS variable depends. From the table,
we see that an RHS variable may be dependent on more than one LHS variable.

Program 10.1 shows a piece of the SAP describing the data dependencies for the variable a(i +1, i +1)
which is the fourth argument of the function Angl e.

From the code, we derive that the function Angl e is dependent on the function Rot Col um
inside the odd part and on the function Rot Col umm inside the even part of the algorithm, via the
single assignment variables a_4 and a_8, respectively. Further, it depends on the initialization loop
stage via variable a_1(i +1,i +1).

The control variables are st age, p56,and i .

The dependence functions are:

Dgs = (stage — 1,2 x p56,i + 1)T,
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‘ H thi(i) ‘ th2(i) ‘ a(i j) ‘ ai+lj) ‘ a(j i) ‘ a(ji+1) ‘ thi(i) ‘ th2(i) ‘ a(i j) ‘ ai+1j) ‘ a(j i) ‘ a(ji+1) ‘

alii) d d
a(i,i+1) d d d
ai+Li) d d d
a(i+1,i+1) d d
thi(i) d
a(ij) d d d d d d
ai+1) d d d d d d
) d d d d
ai+D) d d d d
th2(i) d
i) d
ali,i+1) d
a(i+L) d
a(i+1i+1) d
thi(i) d
a(i) d d d
ai+1)) d d d
alii) d d d d
aji+1) d d d
th2(i) d

Table 10.1. Table of dependencies between RHS and LHS variables.

D5 = (stage — 1,2 % p56 — 1,7 + 1)7 and

D, = (i+1,i+1)7T.
The domain of the dependence functions are specified by the active control statements.
The other data dependencies are specified in a similar way.

10.4.2 Hierarchical SVD Graph

Figure 10.3 shows the hierarchical graph for the SVD algorithm. The graph consists of 8 segment
nodes called i nput , out put , AngQdd, RowGdd, Col Cdd, AngEvn, RowEvn and Col Evn. The
segment nodes performing the rotations contain three-dimensional graph segments. The segment
nodes computing the angle and the input-output segments contain two-dimensional graph segments.

There are in total 90 hierarchical edges between the segment nodes. Not all the edges are visible
because the line segments of the edges overlap in the figure.

Table 10.2 shows the number of edges between the segments. The diagonal elements of the table
are the number of local edge-domains of a segment node. Each row specifies for a segment node the
number of incoming edges and the segment node from which they come. For instance, segment node
AngEvn has 8 incoming edges coming from segment node Col Odd.

10.5 Conclusion

Our main objective has been to regain overview of complex DG descriptions. We have shown how
hierarchy helps to reduce the design complexity. A rather complex DG is simplified to a small irregular
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Program 10.1. SAP CODE FOR INPUT VARIABLE i n3

if stage-2>=0
p56=di v(i +1, 2);
if -i+2*p56-1>=0,

if Mi-3>=0,
[in3] = ipd(a_8(stage-1,2*p56,i+1));
el se
[in3] = ipd(a_5(stage-1,2*p56-1,i+1));
end
end
el se
[in3] = ipd(a_1(i+1,i+1] ));

end

Figure 10.3. Hierarchical Graph of SVD showing the hierarchical edges between the seg-
ment nodes.

graph where the nodes represent segments and hierarchical edges the data dependencies between the
segments. The number of edges depends on the complexity of the data-dependence pattern.

Our model allows the level of hierarchy of a graph to be greater than two. Moreover, the level
of hierarchy may be different for each element of a graph. In fact, a graph may be a mixture of
hierarchical and elementary elements. An important observation about hierarchical graphs is that they
do not introduce elementary elements. No matter what kind of hierarchical graph we compose from a
DG, after flattening they all should give back the same underlying DG.

As stated in the introduction, many alternative DG compositions are possible. The tool "HiCom-
pose’ creates segment nodes but this could easily be extended to DG nodes. We have decided not to
do this because we regard merging of segments as design operations. For instance, we can merge two
segment nodes into one DG node.

Graphs, hierarchical or not, are still algorithmical specifications. There is no notion of time yet.
However, it is a small and often desirable step 