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Parametric Polymorphism: Code truly accepts any type and does the same thing in
each case. Examples: the identity function, the take-two, return-first function

System F is parametric

Ad-hoc Polymorphism: Code accepts arguments of different types, but may do
something different. Examples: +, overloaded operators, Haskell typeclasses



System F Typing Rules

e = Xx Variable
ee Application
Ax:7.e Abstraction

As in simply-typed lambda calculus
Variable types are annotated with a type 7

All are terms; variables and A and A abstractions are also values



System F Typing Rules

e u= Xx Variable
ee Application
Ax:7.e Abstraction

ILx:nnk-e:np
T'H(Ax:1.e):11 > 1

t-abs

As in simply-typed lambda calculus
When type checking function body, add variable type to context

If passing an argument of type 7; makes the body a 7,, it is a function of type 7, — 7



System F Typing Rules

e u= Xx Variable
ee Application
Ax:7T.e Abstraction
ILx:nnk-e:np t-abs x:rel"t_var
I'(Ax:1.€):11 > 1 F'x:1

As in simply-typed lambda calculus

Consult the context for the type of a variable



System F Typing Rules

e u= Xx Variable
ee Application
Ax:7.e Abstraction

I'x:nnke:r
L 2 t-abs

x:rel"t_va1r 'He:11—>1n T'He:

3! t-app

I'(Ax:1.€):11 > 1 F'x:1 IF'ee:n

As in simply-typed lambda calculus

Applying 7; to a function of type 77 — 1 produces a result of type 7,




System F Typing Rules

e u= X Variable
ee Application T = Type Variable
Ax:7T.e Abstraction T—7T Function
Va .t Quantified Type
x:gke:n t-abs x:rel"t_Var 'e:n—n Fl—ez:rlt_app
I'(Ax:1.€):11 > 1 F'x:1 IF'ee:n

Type variables Function types

Universally quantified types

Unlike Hindley-Milner, no distinction between types and type schemes; no let-style

polymorphism. Type constructors optional

Type variables are syntactically distinct from variables




System F Typing Rules

e u= X Variable
ee Application T = Type Variable
Ax:7T.e Abstraction T— 7T Function
Aa.e Type Abstraction Va . T Quantified Type
elr] Type Application
x:gke:n t-abs x:rel"t_mr 'e:n—n Fl—ez:rlt_app
I'(Ax:1.€):11 > 1 F'x:1 IF'ee:n

The big change: types are first-class objects
Functions can have type arguments Aa .e Type arguments can be applied e[7]
Type arguments don’t have types, e.g, notAa : o . e

Using A and [] is overkill: type variables distinct from variables makes types distinct from expressions



System F Typing Rules

e = X
ee Application
Ax:T.e
Aa.e
elr] Type Application

ILx:nnk-e:np
T'H(Ax:1.e):11 > 1
late: 7 a¢l
'HFAa.e:Va.r

t-abs

Abstraction
Type Abstraction

(T

a Type Variable
T—T Function
Va .t Quantified Type

r|—€13T1—>T2 F|—€23T1
I'Hee: n

t-app

Taking a type as an argument A « . e means you must accept any type

The V « . 7 type means “I can take any type «.” Like a function in type-land

The type variable is added to the context only to prevent type variable name capture




System F Typing Rules

e u= X Variable
ee Application T = Type Variable
Ax:T.e Abstraction T—T Function
Aa.e Type Abstraction Va . T Quantified Type
elr] Type Application
I'x:nmke:n t-abs x:rel I'Fepimm—n T'He:n
I'(Ax:1.€):11 > 1 F'x:1 IF'ee:n
lae:t aert-tabs I'e:Va.n t-tapp
I'tAa.e:Va.rt I'elnl: nla:=n]

t-app

Typing context I only conveys types of variables, not values. So no “t-var for type
variables” that gives the specific type passed to a V type

Instead t-tapp substitutes a type variable o with its type argument 7,

Like S-reduction at type checking time




System F Typing Rules

e = x|lee|Ax:r.e|Aa.e|elr] Tu= alt—or|Va. T
ILx:nnke:np t-abs x:rel“t_var I'te:p —n l"l—ez:rlt_app
I'Ax:1.€):11 > 1 F'-x:r1 F'ee:n
T, : T T Vo .
ake: 1T aéd t-tabs Fe:Va.rn t-tapp
IT'-Aa.e:Va.r I'elnl: nla:= ]

The polymorphic identity function: Aa.Ax:a.x

I'-Aa. Ax:a.x):?



System F Typing Rules

e = x|lee|Ax:r.e|Aa.e|elr] Tu= alt—or|Va. T
ILx:nnke:np t-abs x:rel“t_var I'te:p —n l"l—ez:rlt_app
I'Ax:1.€):11 > 1 F'-x:r1 F'ee:n
Ilake: 1 aert—tabs I'~e:Va.n t-tapp
THFAa.e:Va.r I'elnl: nla:= ]

The polymorphic identity function: Aa.Ax:a.x

TaFAx:a.x:? aé¢rl

-tab.
I'-Aa. Ax:a.x):? habs




System F Typing Rules

e = x|ee|Ax:t.e|Aa.e|elr] T

Lx:nke:n t-abs x:rel"t_Var I'e1:nm > T'He:in
I'Ax:1.€):11 > 1 F'-x:r1 F'ee:n
lake: aert-tabs l'—e:Va.n t-tapp

I'FAa.e:Va.r

I'elnl: nla:= ]

=a|lt—r1|Va.r1

t-

app

The polymorphic identity function:

lNa,x:akx:7?

Aa . Ax:a.x

t-abs

TakAx:a.x:?

t-tabs

F'F(Aa.Ax:a.x):

?




System F Typing Rules

e = x|lee|Ax:r.e|Aa.e|elr] Tu= alt—or|Va. T
ILx:nnke:np t-abs x:rel"t_Var I'te:p —n l"l—ez:rlt_app
I'Ax:1.€):11 > 1 F'-x:r1 F'ee:n
T, : T T Vo .
ake: 1 a¢ t-tabs e a.1n -tapp
THFAax.e:Va.rt I'elnl: nla:= ]

The polymorphic identity function: Aa.Ax:a.x

x:?€ela,x: a
lNa,x:akx:7?
t-abs
la-—Ax:a.x:7? aé¢l
I'-Aa. Ax:a.x):?

t-var

t-tabs




System F Typing Rules

e = x|lee|Ax:r.e|Aa.e|elr] Tu= alt—or|Va. T
ILx:nnke:np t-abs x:rel"t_Var I'te:p —n l"l—ez:rlt_app
I'Ax:1.€):11 > 1 F'-x:r1 F'ee:n
T, : T T Vo .
ake: 1 a¢ t-tabs e a.1n -tapp
THFAax.e:Va.rt I'elnl: nla:= ]

The polymorphic identity function: Aa.Ax:a.x

x:a€l,a,x: «a
lNa,x:akx:7?
t-abs
la-—Ax:a.x:7? aé¢l
I'-Aa. Ax:a.x):?

t-var

t-tabs
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e = x|lee|Ax:r.e|Aa.e|elr] Tu= alt—or|Va. T
ILx:nnke:np t-abs x:rel"t_Var I'te:p —n l"l—ez:rlt_app
I'Ax:1.€):11 > 1 F'-x:r1 F'ee:n
T, : T T Vo .
ake: 1 a¢ t-tabs e a.1n -tapp
THFAax.e:Va.rt I'elnl: nla:= ]

The polymorphic identity function: Aa.Ax:a.x

la-—Ax:a.x:7? aé¢l
I'-Aa. Ax:a.x):?




System F Typing Rules

e = x|lee|Ax:r.e|Aa.e|elr] Tu= alt—or|Va. T
ILx:nnke:np t-abs x:rel"t_Var I'te:p —n l"l—ez:rlt_app
I'Ax:1.€):11 > 1 F'-x:r1 F'ee:n
T, : T T Vo .
ake: 1 a¢ t-tabs e a.1n -tapp
THFAax.e:Va.rt I'elnl: nla:= ]

The polymorphic identity function: Aa.Ax:a.x

la,x:ak-x:«a
t-abs
lNar-Ax:a.x:a— «a aée¢l
I'-Aa. Ax:a.x):?

t-tabs




System F Typing Rules

e = x|lee|Ax:r.e|Aa.e|elr] Tu= alt—or|Va. T
ILx:nnke:np t-abs x:rel"t_Var I'te:p —n l"l—ez:rlt_app
I'Ax:1.€):11 > 1 F'-x:r1 F'ee:n
T, : T T Vo .
ake: 1 a¢ t-tabs e a.1n -tapp
THFAax.e:Va.rt I'elnl: nla:= ]

The polymorphic identity function: Aa.Ax:a.x

la,x:ak-x:«a
t-abs
lNar-Ax:a.x:a—«a aée¢l
I'H(Aa. Ax:a.x):Va.a—«

t-tabs




System F Typing Rules

e = x|lee|Ax:r.e|Aa.e|elr] Tu=a|lt—or|Va. T
ILx:nnke:np t-abs x:rel"t_Var I'te:p —n l"l—ezzrlt_app
I'Ax:1.€):11 > 1 F'x:1 F'ee:
Lare: agll IT'e:Va.
- ‘ ¢ t-tabs = ! t-tapp
IT'-Aa.e:Va.r I'elnl: nla:= ]

The polymorphic identity function: TH(Aa.Ax:a.x):Va.a — «

I'(Aa.Ax: a.x)[Bool] true : ?

Let’s assume there is a Bool type with a literal true



System F Typing Rules

e = x|lee|Ax:r.e|Aa.e|elr] Tu=a|lt—or|Va. T
ILx:nnke:np t-abs x:rel"t_Var I'te:p —n l"l—ezzrlt_app
I'Ax:1.€):11 > 1 F'x:1 F'ee:
lake:r aert—tabs I'He:Va.n tapp
IT'-Aa.e:Va.r I'elnl: nla:= ]
The polymorphic identity function: TH(Aa.Ax:a.x):Va.a — «
''(Aax.Ax: a.x)[Bool] :? I+ true : Bo°1t-app

I'(Aa.Ax: a.x)[Bool] true : ?



System F Typing Rules

e = x|lee|Ax:r.e|Aa.e|elr] Tu=a|lt—or|Va. T
ILx:nnke:np t-abs x:rel"t_valr I'te:p —n l"l—ezzrlt_app
I'Ax:1.€):11 > 1 F'x:1 F'ee:
T, o : agll IT'e:Va.
be:ir ¢ t-tabs = ! t-tapp
IT'-Aa.e:Va.r I'elnl: nla:= ]

The polymorphic identity function: TH(Aa.Ax:a.x):Va.a — «

I'rAa. Ax:a.x):? t-tapp
I'-(Aa.Ax: a.x)[Bool] :? I + true : Bool

t-
T (Aa.Ax: a.x) [Booll true : ? “PP




System F Typing Rules

e = x|lee|Ax:r.e|Aa.e|elr] Tu=a|lt—or|Va. T
ILx:nnke:np t-abs x:rel"t_valr I'te:p —n l"l—ezzrlt_app
I'Ax:1.€):11 > 1 F'x:1 F'ee:
T, o : agll IT'e:Va.
be:ir ¢ t-tabs = ! t-tapp
IT'-Aa.e:Va.r I'elnl: nla:= ]

The polymorphic identity function: TH(Aa.Ax:a.x):Va.a — «

T'HrAa. Ax:a.x):Va.a —« t-tapp
I'-(Aa.Ax: a.x)[Bool] :? I + true : Bool

t-
T (Aa.Ax: a.x) [Booll true : ? “PP




System F Typing Rules

e = x|lee|Ax:r.e|Aa.e|elr] Tu=a|lt—or|Va. T
ILx:nnke:np t-abs x:rel"t_Var I'te:p —n l"l—ezzrlt_app
I'Ax:1.€):11 > 1 F'x:1 F'ee:
Lare: agll IT'e:Va.
- ‘ ¢ t-tabs = ! t-tapp
IT'-Aa.e:Va.r I'elnl: nla:= ]

The polymorphic identity function: TH(Aa.Ax:a.x):Va.a — «

IT'Hr(Aa. Ax:a.x):Va.a—a t-tapp
''(Aa.Ax: a.x)[Booll : (¢ — a)[a :=Bool] I + true : Bool

t-
T (Aa.Ax: a.x) [Booll true : ? “PP




System F Typing Rules

e = x|lee|Ax:r.e|Aa.e|elr] Tu=a|lt—or|Va. T
ILx:nnke:np t-abs x:rel"t_Var I'te:p —n l"l—ezzrlt_app
I'Ax:1.€):11 > 1 F'x:1 F'ee:
Lare: agll IT'e:Va.
- ‘ ¢ t-tabs = ! t-tapp
IT'-Aa.e:Va.r I'elnl: nla:= ]

The polymorphic identity function: TH(Aa.Ax:a.x):Va.a — «

IT'Hr(Aa. Ax:a.x):Va.a—a t-tapp
I'(Aa.Ax: a.x)[Bool] : Bool — Bool I'+ true : Bool

t-
T (Aa.Ax: a.x) [Booll true : ? “PP




System F Typing Rules

e = x|lee|Ax:r.e|Aa.e|elr] Tu=a|lt—or|Va. T
ILx:nnke:np t-abs x:rel"t_valr I'te:p —n l"l—ezzrlt_app
I'Ax:1.€):11 > 1 F'x:1 F'ee:
T, o : agll IT'e:Va.
be:ir ¢ t-tabs = ! t-tapp
IT'-Aa.e:Va.r I'elnl: nla:= ]

The polymorphic identity function: TH(Aa.Ax:a.x):Va.a — «

IT'Hr(Aa. Ax:a.x):Va.a—a t-tapp
I''(Aa.Ax: a.x)[Bool] : Bool — Bool I + true : Bool

t-app
I'-(Aa.Ax: a.x)[Bool] true : Bool




System F Typing Rules

e = x|lee|Ax:r.e|Aa.e|elr] Tu= alt—or|Va. T
ILx:nnke:np t-abs x:rel"t_Var I'te:p —n l"l—ez:rlt_app
I'Ax:1.€):11 > 1 F'-x:r1 F'ee:n
T, : T T Vo .
ake: 1 a¢ t-tabs e a.1n -tapp
THFAa.e:Va.r I'elnl: nla:= ]

The polymorphic doubling function: apply f twice to the argument x

Ao . Afra—a. Ax:a.f(fx)



System F Typing Rules

e = x|lee|Ax:r.e|Aa.e|elr] Tu= alt—or|Va. T
ILx:nnke:np t-abs x:rel"t_Var I'te:p —n l"l—ez:rlt_app
I'Ax:1.€):11 > 1 F'-x:r1 F'ee:n
Ilake: 1 aert-tabs I'~e:Va.n t-tapp
THFAa.e:Va.r I'elnl: nla:= ]

The polymorphic doubling function: apply f twice to the argument x

I'( Aa.Af:a—a.Ax:a.f(fx) ) Va.(a > a)—>a—a



System F Typing Rules

e = x|lee|Ax:r.e|Aa.e|elr] Tu=a|lt—or|Va. T
ILx:nnke:np x:7€Tl I'eg:m—>n TThHe 'y
t-abs -~ t-var
I'Ax:1.€):11 > 1 F'x:1 F'ee:

lare: 7 agl

t-tab
IT'FAa.e:Va.r s

I'be:Va.n

t-ta
I'elnl: nla:=1] bp

t_

app

Church Booleans in System F
Bool=vVa.ad—a—a«a

Functions of “two arguments” that choose either their first or second arguments.

We want them to work across all types

= the result type must be consistent with either choice
= the first and second argument types must match




System F Typing Rules

e = x|lee|Ax:r.e|Aa.e|elr] Tu=a|lt—or|Va. T
ILx:nnke:np t-abs x:rel"t_valr I'te:p —n l"l—ezzrlt_app
I'Ax:1.€):11 > 1 F'x:1 F'ee:
T, o : agll IT'e:Va.
be:ir ¢ t-tabs = ! t-tapp
IT'-Aa.e:Va.r I'elnl: nla:= ]

Church Booleans in System F
Bool=vVa.ad—a—a«a

true=( Aa.Ax:a.Aly:a.? ):Bool
false=( Aa.Ax:a.dy:a.? ):Bool

The syntax of the type almost completely defines what the functions must be

Va. becomes Aa. a — - becomes Ax.



System F Typing Rules

e = x|lee|Ax:r.e|Aa.e|elr] Tu=a|lt—or|Va. T
ILx:nnke:np t-abs x:rel"t_valr I'te:p —n l"l—ezzrlt_app
I'Ax:1.€):11 > 1 F'x:1 F'ee:
T, o : agll IT'e:Va.
be:ir ¢ t-tabs = ! t-tapp
IT'-Aa.e:Va.r I'elnl: nla:= ]

Church Booleans in System F
Bool=vVa.ad—a—a«a

true=( Aa.Ax:a.Aly:a.x ):Bool
false=( Aa.Ax:a.dy:a.y ):Bool

The only possibilities are returning the first or second argument

There are exactly two functions with this type signature



System F Typing Rules

e = x|lee|Ax:r.e|Aa.e|elr] Tu=a|lt—or|Va. T
ILx:nnke:np t-abs x:rel"t_valr I'te:p —n l"l—ezzrlt_
I'Ax:1.€):11 > 1 F'x:1 F'ee:
Tare: 7 a¢l T'e:Va.r
- ¢ t-tabs = ! t-tapp

IT'FAa.e:Va.r

I'elnl: nla:= ]

app

Church Booleans in System F
Bool=vVa.ad—a—a«a
true=( Aa.Ax:a.ly:a.x ):Bool
false=( Aa.Ax:a.dy:a.y ):Bool
not = (

Bool — Bool is shorthand for (Vo .0 —» a — a) > (Va

) : Bool — Bool

La—a— )




System F Typing Rules

e = x|ee|Ax:t.e|Aa.e|elr] Tu=qa|t—>7|Va.r1
ILx:nnke:np t-abs x:rel"t_valr I'te:p —n l"l—ezzrlt_app
I'Ax:1.€):11 > 1 F'x:1 F'ee:
lare: 7 agl I'He:Va.n
t-tab t-ta
TFAa.e:Va.z I'elnl: nla:= ] i
Church Booleans in System F
Bool =vVa.a— a—«
true=( Aa.Ax:a.ly:a.x ):Bool
false=( Aa.Ax:a.dy:a.y ):Bool
not=( Ab:Bool. ) : Bool — Bool

Bool — Bool is shorthand for (Vo .0 > a > a) > (Va.a — a — )
t-abs tells us this must be an abstraction that takes an argument of type Bool



System F Typing Rules

e = x|ee|Ax:t.e|Aa.e|elr] Tu=qa|t—>7|Va.r1
ILx:nnke:np t-abs x:rel"t_valr I'te:p —n l"l—ezzrlt_app
I'Ax:1.€):11 > 1 F'x:1 F'ee:
lare: 7 agl I'He:Va.n
t-tab t-ta
TFAa.e:Va.z I'elnl: nla:= ] i
Church Booleans in System F
Bool =vVa.a— a—«
true=( Aa.Ax:a.ly:a.x ):Bool
false=( Aa.Ax:a.dy:a.y ):Bool
not=( Ab:Bool . Aa.Ax:a.ly:«a. ) : Bool — Bool

Bool — Bool is shorthand for (Vo .0 > a > a) > (Va.a — a — )
t-abs tells us this must be an abstraction that takes an argument of type Bool
t-app tells us the body must have type Bool, so it is also largely fixed (it could just be b)



System F Typing Rules

e = x|ee|Ax:t.e|Aa.e|elr] Tu=qa|t—>7|Va.r1
ILx:nnke:np t-abs x:rel"t_valr I'te:p —n l"l—ezzrlt_app
I'Ax:1.€):11 > 1 F'x:1 F'ee:
lare: 7 agl I'He:Va.n
t-tab t-ta
TFAa.e:Va.z I'elnl: nla:= ] i
Church Booleans in System F
Bool =vVa.a— a—«
true=( Aa.Ax:a.ly:a.x ):Bool
false=( Aa.Ax:a.dy:a.y ):Bool
not=( Ab:Bool . Aa.Ax:a.ly:«a. ) : Bool — Bool

This body must have type «

There are four choices here: there are four functions with the type Bool — Bool



System F Typing Rules

e = x|lee|Ax:r.e|Aa.e|elr] Tu=a|lt—or|Va. T
ILx:nnke:np t-abs x:rel"t_valr I'te:p —n l"l—ezzrlt_app
I'Ax:1.€):11 > 1 F'x:1 F'ee:
T, o : agll T Vo .
be:ir ¢ t-tabs Fe ! t-tapp
IT'-Aa.e:Va.r I'elnl: nla:= ]

Church Booleans in System F
Bool=vVa.ad—a—a«a

true=( Aa.Ax:a.ly:a.x ):Bool
false=( Aa.Ax:a.dy:a.y ):Bool
not=( Ab:Bool . Aa.Ax:a.Ay:a.blalyx ):Bool — Bool

This is the interesting choice. The other choices:

x (always return true) y (always return false) bLa] x y (identity)



System F Typing Rules

e = x|lee|Ax:r.e|Aa.e|elr] Tu=a|lt—or|Va. T
ILx:nnke:np t-abs x:rel"t_valr I'eg:m—>n TThHe 'y
I'Ax:1.€):11 > 1 F'x:1 F'ee:

lare: 7 agl

t-tab
IT'FAa.e:Va.r s

I'be:Va.n

t-ta
I'elnl: nla:=1] bp

t_

app

Church Numerals in System F

Nat=vVa.(a > a) > a— «

For any type of argument, apply a function

zero or more times to the argument

= it must return the same type as the argument (e.g., for zero)
= the function must also take and return that same type




System F Typing Rules

e = x|lee|Ax:r.e|Aa.e|elr] Tu= alt—or|Va. T
ILx:nnke:np t-abs x:rel"t_Var I'te:p —n l"l—ez:rlt_app
I'Ax:1.€):11 > 1 F'-x:r1 F'ee:n
Lare: agll IT'e:Va.
= ‘ ¢ t-tabs = ! t-tapp

I'FAa.e:Va.r

I'elnl: nla:=1]

Church Numerals in System F
Nat=Va.(ad > a) > a— «

= (

What expressions have type Nat?

) : Nat



System F Typing Rules

e = x|lee|Ax:r.e|Aa.e|elr] Tu=a|lt—or|Va. T
ILx:nnke:np t-abs x:rel"t_Var I'te:p —n l"l—ezzrlt_app
I'Ax:1.€):11 > 1 F'x:1 F'ee:
Lare: agll IT'e:Va.
- ‘ ¢ t-tabs = ! t-tapp
IT'-Aa.e:Va.r I'elnl: nla:= ]

Church Numerals in System F
Nat=vVa.(a > a) > a— «

=( Aa. Af:a—>a.Ax:a. ) : Nat

As before, the type dictates much of the expression

However, there are infinitely many choices of body with type «



System F Typing Rules

e = x|lee|Ax:r.e|Aa.e|elr] Tu= alt—or|Va. T
ILx:nnke:np t-abs x:rel"t_Var I'te:p —n l"l—ez:rlt_app
I'Ax:1.€):11 > 1 F'-x:r1 F'ee:n
T, : T T Vo .
ake: 1 a¢ t-tabs e a.1n -tapp
THFAax.e:Va.rt I'elnl: nla:= ]

Church Numerals in System F
Nat=vVa.(a > a) > a— «

0=( Aa.Af:a—a.Ax:a.x ):Nat

The simplest case is just x, which we call zero



System F Typing Rules

e = x|lee|Ax:r.e|Aa.e|elr] Tu= alt—or|Va. T
ILx:nnke:np t-abs x:rel"t_Var I'te:p —n l"l—ez:rlt_app
I'Ax:1.€):11 > 1 F'-x:r1 F'ee:n
T, : T T Vo .
ake: 1 a¢ t-tabs e a.1n -tapp
THFAax.e:Va.rt I'elnl: nla:= ]

Church Numerals in System F
Nat=vVa.(a > a) > a— «

0=( Aa.Af:a—a.Ax:a.x ):Nat
1=( Aa.Afira—a.Ax:a.fx ):Nat

But we can also apply f to x, which we call one



System F Typing Rules

e = x|lee|Ax:r.e|Aa.e|elr] Tu=a|lt—or|Va. T
ILx:nnke:np t-abs x:rel"t_Var I'te:p —n l"l—ezzrlt_app
I'Ax:1.€):11 > 1 F'x:1 F'ee:
Lare: agll IT'e:Va.
- ‘ ¢ t-tabs = ! t-tapp
IT'-Aa.e:Va.r I'elnl: nla:= ]

Church Numerals in System F
Nat=vVa.(a > a) > a— «

0=( Aa.Af:a—a.Ax:a.x ):Nat
1=( Aa.Af:a—a.Ax:a.fx ):Nat
2=( Aa.Af:a—a.Ax:a.f(fx) ):Nat

Applying f to f x also gives a, which we call two, and so on



System F Typing Rules

e = x|lee|Ax:r.e|Aa.e|elr] Tu=a|lt—or|Va. T
ILx:nnke:np t-abs x:rel"t_Var I'te:p —n l"l—ezzrlt_app
I'Ax:1.€):11 > 1 F'x:1 F'ee:
lake:r aert—tabs I'He:Va.n tapp
THFAax.e:Va.rt I'elnl: nla:= ]
Church Numerals in System F
Nat=vVa.(a > a) > a— «
succ = ( ) : Nat — Nat

We want a successor function that operates on Nats

What expressions have type Nat — Nat?




System F Typing Rules

e = x|lee|Ax:r.e|Aa.e|elr] Tu=a|lt—or|Va. T
ILx:nnke:np t-abs x:rel"t_valr I'te:p —n l"l—ezzrlt_app
I'Ax:1.€):11 > 1 F'x:1 F'ee:
T, o : agll IT'e:Va.
be:ir ¢ t-tabs = ! t-tapp
IT'-Aa.e:Va.r I'elnl: nla:= ]

Church Numerals in System F
Nat=vVa.(a > a) > a— «

succ =( An:Nat. ) : Nat — Nat

It must be a lambda term whose argument is type Nat

One correct choice of body is simply n, giving the identity function on Booleans
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e = x|lee|Ax:r.e|Aa.e|elr] Tu=a|lt—or|Va. T
ILx:nnke:np t-abs x:rel"t_valr I'te:p —n l"l—ezzrlt_app
I'Ax:1.€):11 > 1 F'x:1 F'ee:
T, o : agll T Vo .
be:ir ¢ t-tabs Fe ! t-tapp
IT'-Aa.e:Va.r I'elnl: nla:= ]

Church Numerals in System F
Nat=vVa.(a > a) > a— «

succ=( An:Nat. Aa.Af:a—a.Ax:«a. ) : Nat — Nat

The only other way to produce a Nat is to follow the “shape” of the type
This body must be an expression of type «

Unlike with Booleans, there are an infinite number of bodies of type «, such as
x (constant zero), f x (constant one), f (f x) etc.
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e = x|lee|Ax:r.e|Aa.e|elr] Tu=a|lt—or|Va. T
ILx:nnke:np t-abs x:rel"t_valr I'te:p —n l"l—ezzrlt_app
I'Ax:1.€):11 > 1 F'x:1 F'ee:
T, o : agll IT'e:Va.
be:ir ¢ t-tabs = ! t-tapp
IT'-Aa.e:Va.r I'elnl: nla:= ]

Church Numerals in System F
Nat=vVa.(a > a) > a— «

succ=( An:Nat.Aa.Af:a—a.Ax:a.f(nlalfx) ):Nat — Nat

To use n, we need to give it a type, a function on that type, and a value of that type.
One choice is n [a] f x, which gives the identity function

Successor simply applies f to this
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e = x|lee|Ax:r.e|Aa.e|elr] Tu=a|lt—or|Va. T
ILx:nnke:np t-abs x:rel"t_valr I'te:p —n l"l—ezzrlt_app
I'Ax:1.€):11 > 1 F'x:1 F'ee:
T, o : agll IT'e:Va.
be:ir ¢ t-tabs = ! t-tapp
IT'-Aa.e:Va.r I'elnl: nla:= ]

Church Numerals in System F
Nat=vVa.(a > a) > a— «

succ=( An:Nat.Aa.Af:a—a.Ax:a.f(nlalfx) ):Nat — Nat
plus = ( ) : Nat — Nat — Nat

There are many functions that take two Nats and produce a third.

Consider addition



System F Typing Rules

e = x|lee|Ax:r.e|Aa.e|elr] Tu=a|lt—or|Va. T
ILx:nnke:np t-abs x:rel"t_valr I'te:p —n l"l—ezzrlt_app
I'Ax:1.€):11 > 1 F'x:1 F'ee:
T, o : agll IT'e:Va.
be:ir ¢ t-tabs = ! t-tapp
IT'-Aa.e:Va.r I'elnl: nla:= ]

Church Numerals in System F
Nat=vVa.(a > a) > a— «

succ=( An:Nat.Aa.Af:a—a.Ax:a.f(nlalfx) ):Nat — Nat
plus=( Am:Nat.An:Nat.m[Nat]succn ):Nat — Nat — Nat

One definition of the addition function applies succ m times to n
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e = x|lee|Ax:r.e|Aa.e|elr] Tu=a|lt—or|Va. T
ILx:nnke:np t-abs x:rel"t_valr I'te:p —n l"l—ezzrlt_app
I'Ax:1.€):11 > 1 F'x:1 F'ee:
T, o : agll T Vo .
be:ir ¢ t-tabs Fe ! t-tapp
IT'-Aa.e:Va.r I'elnl: nla:= ]

Church Numerals in System F
Nat=vVa.(a > a) > a— «

succ=( An:Nat.Aa.Af:a—a.Ax:a.f(nlalfx) ):Nat — Nat
plus=( Am:Nat.An:Nat.m[Nat]succn ):Nat — Nat — Nat
pPlus=Am:Nat.An:Nat. Aa. Af:a—a.Ax:a.mlalf(nlalf x)

Another definition applies f to x n times, then applies f to this m times



System F Call-By-Value Evaluation Rules
vi= x|Ax:Tt.t|Aa .t t w=wv|tt|tLr]

Variables and abstractions, both A and A, are values

Values and applications, both term and type, are terms

Types built from type variabes, functions, and universally quantified types




System F Call-By-Value Evaluation Rules

vi= x|Ax:Tt.t|Aa .t t w=wv|tt|tLr] Tu=alt—>T|Va.r
/ / /
t{x := =
ol e P2 e r=vl=t e
hty—th vt— vt Ax:7.)v—ot

Call-by-value operational rules for applications like the simply-typed lambda calculus:
e-func: First reduce the “function” to a value

e-arg: Once the “function” is a value, reduce the argument to a value

e-beta: Apply a A abstraction to a value argument by performing f reduction

Note that the type 7 is discarded
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vi= x|Ax:Tt.t|Aa .t t w=wv|tt|tLr] Tu=alt—>T|Va.r
/ / /
t tlx:=v] =t
_h—oh t} e-func = — €a1g =il - e-beta
hty—th vt— vt Ax:7.)v—ot
/ S I
_ h—h e-tfunc ==t 5 e-tbeta
t [7] — t[7] Aa .t [r] > ¢t

Additional rules for A abstractions and types:
e-tfunc: Reduce the “function” to a value before applying a type. Like e-func

e-tbeta: Apply a A abstraction to a type argument by performing § reduction. Like e-beta

Note that it is the type variable « that is being replaced with the type argument =

No “e-targ” rule because types are always “values”



System F Call-By-Value Evaluation Rules

vi= x|Ax:Tt.t|Aa .t t w=wv|tt|tLr] Tu=alt—>T|Va.
/ / /
t{x := =
ol e P2 e r=vl=t e
hty—th vt— vt Ax:7.)v—ot
’ S IR
& e-tfunc ==t 5 e-tbeta
t [7] — t[7] Aa .t [r] > ¢t

T

Consider erasing types to transform a System F term to the lambda calculus:

erase(x) =x erase(Ax : 7.t) = Ax.erase(t)
erase(t; t;) = erase(t;) erase(t;) erase(Aa . f) = erase(t)
erase(t [7]) = erase(t)

More efficient evaluation: types are not consulted during evaluation




System F Call-By-Value Evaluation Rules

vi= x|Ax:Tt.t|Aa .t t w=wv|tt|tLr] Tu=alt—>T|Va.r
/ / /
t tlx:=v]=t
B2l e P20 cag [x = v] e-beta
hty—th vt— vt Ax:7.)v—ot
h— tla:=1] =t
——————— —e-tfunc e-tbeta
tp [z]1 — ¢ [7] (Aa . t)[1] — 1

Consider erasing types to transform a System F term to the lambda calculus:

erase(x) =x erase(Ax : 7.t) = Ax.erase(t)
erase(t; t;) = erase(t;) erase(t;) erase(Aa . f) = erase(t)
erase(t [7]) = erase(t)

The type reconstruction problem: given a Lambda Calculus term m, is there a well-typed
System F term t such that erase(t) = m?



System F Call-By-Value Evaluation Rules

vi= x|Ax:Tt.t|Aa .t t w=wv|tt|tLr] Tu=alt—>T|Va.
/ / /
t Hx:=v[=t
B2l e P20 cag [x = v] e-beta
hty—th vt— vt Ax:7.)v—ot
/ S I
_ h—h e-tfunc ==t 5 e-tbeta
t [7] — t[7] Aa .t [r] > ¢t

T

Consider erasing types to transform a System F term to the lambda calculus:

erase(x) =x erase(Ax : 7.t) = Ax.erase(t)
erase(t; t;) = erase(t;) erase(t;) erase(Aa . f) = erase(t)
erase(t [7]) = erase(t)

Unfortunately not: [Wells, 1994] whether there exists a well-typed term ¢ such that
erase(t) = m is undecidable

Hindley-Milner is a real “sweet spot”
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Theorem

Preservation: I[f T+e: tande — ¢ thenT ¢ : 1

Theorem

Progress: If e is a closed, well-typed term, e is a value or there is some €’ such that e — ¢

v

= System F is type-safe

Theorem J

Normalization: Evaluating a well-typed term always leads to a value

Wait, what?
Ax.xxisOK: (Ax : (Va . = @) . x[Va.a —> alx) : Va.a — a) > Va.a — )

But (Ax . x x) (Ax . x x) is not well-typed in System F



