EECS 20. Midterm No. 2 Practice Problems Solution, November 10,
2004.

1. When the inputs to atime-invariant system are: Vn,

z1(n) = 26(n—2)

h isthe K k
ra(n) = on+1) where § isthe Kronecker delta

the corresponding outputs are

yi(n) = d(n—2)+20(n—3)

ya(n) = 26(n+1)+d(n) ,  respectively.

Isthis system is linear? Give a proof or a counter-example.

Answer to 1 The system is not linear. From time-invariance we see that for the second pair
of input and output,

x2(n—3) = d(n—2)
ya(n —3) = 26(n—2)+d6(n—3)

So we can rewrite thefirst pair of input and output as

z1(n—3) = 26(n—2)

= 2x9(n—3)
yi(n—3) = d(n—2)+26(n—3)
# 2ya(n—3)

Therefore, the system is not linear.

2. Consider discrete-time systems with input and output signals =,y € [Integers — Reals].
Each of the following relations defines such a system. For each, indicate whether it is lin-
ear(L), time-invariant (TI), both(LTI), or neither (N). Give a proof or counter-example.

@ y(n) =g(n)z(n)
(b) y(n) = et
Answer to 2

(@) The systemiislinear:

z(n) = az1(n)+ bxa(n)
g(n)(az1(n) + bxa(n))
= ay1(n) + byz(n)
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Also the system is time-varying if ¢ is not constant (so there exist n,my so that g(n) #
g(n — ng)):

z(n) x(n — ng)
g(n) = g(n)z(n)
= g(n)z(n —no)
# y(n—no)
= g(n—no)z(n —ng)

(b) The system is non-linear:

z(n) = axi(n)+ bxa(n)
jn) = &

—  eam (n)+bxa(n)

= (11(n)*(32(n))’

# ayi(n) + bya(n)

But the system is time-invariant:

z(n) = x(n—ngp)
gln) =
_ €x(n—no)
= y(n —no)

(@ An LTI system with input signal « and output signal y is described by the differential
equation

§(t) + 29(t) + 0.5y(t) = z(t).
Suppose the input signal isVt, z(t) = ¢“*, where w is fixed. What is its output signal
y?
(b) Ancther LTI system is subject to the differential equation

i(t) +y(t) = (t) + z(t)
i. What isthe frequency response?
ii. What is the magnitude and phase of the frequncy response for w = 0.5?
Answer to 3
(@) Theoutput signal isVt,y(t) = H(w)e!. It follows that

—w?H(w)e™! + 2iwH (w)e™! 4+ 0.5H (w)e™! = ™t

thus H (w) = Hence

1
—w24+2iw+0.5"
1
. e
—w?2 42w+ 0.5

wt

Vi, y(t) =



(b) (i) The frequency response is H (w) = ““L;.
(ii) Hence
4 2, 25 s
HO5)|=|-4i=|=——, /H(0.5) =—
4. For this problem, assume discrete time everywhere. Given two LTI systems .S and T' suppose
signal fisinputinto S and g into 7. The input and output signals are displayed in figurel.
Arethe two systemsidentical, that is, S = T?

f(n) (S
1 1
0.5 0.5
0 o o o 0 o [¢] O O
-0.5 -0.5
-1 -1
-3 -2 -1 0 1 2 3 -3 -2 -1 0 1 2 3
g(n) (T(@)(n)
1 1
0.5 0.5
0 O O O 0 O O O O
-0.5 -0.5
-1 -1
-3 -2 -1 0 1 2 3 -3 -2 -1 0 1 2 3

Figure 1: Signals for problem 4

Answer to 4 No. S # T Argue by contradiction. Assume S = T = R, say. Observe that
f(n)is(g — f)(n+ 1). Thefigure below plots R(g — f)(n) = T(g)(n) — S(f)(n) and
R((g— f))(n+1) = R(f)(n) = S(f)(n). But the second plot is not the first plot delayed
by 1.

5. A system is described by the difference equation
y(n) =z(n)+bx(n—1)+ay(n —1), (@D}

wherein a, b are constants.

(@) Obtainthe[A,b,cT, d] representation of this system by:
i. choosing the state,
ii. calculating A, b, ¢!, d for your choice of state.

(b) If z(n —1) = 0,y(n — 1) = 1, calculate the zero-input (i.e. z(n) = 0,n > 0) State
response.



(g-H(n) (T(@)-SM)(n)

1 1
05 05

0 O O O 0 O O O
0.5 0.5

'3 2 1 0 1 2 3 Y2 1 0 1 2 3

(g-H(n+1) = f(n) S

1 1

05 05

0 (¢] o (¢] 0 o (¢] (¢]
0.5 0.5

Y 2 1 0 1 2 3 2 1 0 1 2 3

(c) Cadculate the frequency response of this system.

Answer to5 (a) (i) Takethe state as s(n) = [z(n — 1), y(n — 1)]7.
(i) Writing s(n + 1) = As(n) + bz(n) in expanded form gives

B z(n) | z(n)

Y
B 00 z(n—1) 1
N [b a][y(n—l) + 1]36(?1),
from which
0 0 1
SEEeh
and, since

1= a0

socl' =[b a],d=1.

(b) The zero-input state responseis s(n) = A"s(0),n > 0. So we need to calculate A™, with
A givenin (2). By induction,

S N B
A _[an—lb an‘|



andsinces(0) = [0 17, s(n)=[0 a".
(c) To obtain the frequency response, substitute z:(n) = €199 y(n) = H(w)e™™ in)(1)
and simplify to get

1+ be™ ™

6. For the linear difference equation

y(n) =0.5y(n — 1) + z(n),

(8) Taking the state at time n to be s(n) = y(n — 1), write down the zero-input response,
the zero-state impulse response 4 : Ints — Reals, the zero-state response, and the (full)
response.

(b) Show that the zero-input response v.; is alinear function of the initial state, i.e. it is of
the form

vn > 07 yzz(”) - a(n)s(O),
for some constant coefficients a(n). Then show that
nlirrolo Yzi(n) =0

(c) Suppose sg istheinitial state and theinputisaunit step,i.e. z(n) =1,n > 0;=0,n <
0. Determine the response y(n), n > 0, and calcul ate the steady state response
Yss = nh—{%o y(n).

(d) Plot theinput, output and the steady state value in the previous part.

(e) Caculate the frequency response H : Reals — Complex and plot the magnitude and
phase response.

(f) Suppose z(n) = 1,—00 < n < oo. What is the output y(n), —co < n < oo and
compare it with ;.

Answer to 6 (a) Thea, b, ¢, d representation is (with s(n) = y(n — 1))
s(n+1) =0.5s(n) + z(n), y(n)=0.5s(n) + z(n).
The zero-input response (z(n) = 0,n > 0) is
s.i(n) = 0.5"s(0), y.:(n) = 0.5"T1s(0) = 0.5" 1y (~1). (3)

The zero-state impulse response is

d=1, n=>0 n
vn =0, h(n)_{canlb—()ﬁ” n>1 =057



|H(03)2| Z H(w)

0 /2 s ® 0 /2 T @
Figure 2: Plots for problem 6
So the full response is
y(n) = 0.5" Ty (1) + > 05" ™ z(m),n > 0. (4)
m=0

(b) From (3) y.; is alinear (time-varying) function of the initial state with a(n) = 0.5**1.
Clearly, y.i(n) — 0 asn — oc.

(©)In (4) take x(m) = 1,m > 0 to get

y(n) = 0.5" 5o + Z n0.5"""™ x 1
m=0
1 —0.5"*!
_ +1 _ k _ +1, _
= 0.5 s+ > =0"0.5" = 0.5" s = < or

k
— Yss = 285N — 00

(d) The plots are straightforward.
(e) The frequency response is

1
v Hw)= ———
w, HW) = g5
the magnitude response is

1
[1.25 — cos(w)]'/2’

Vo, [H(w)| =

the phase response is

0.5sin(w)

a1
Vw, [H(w)=tan = 05cos@)’

Theplotsinfigure2 arefor 0 < w < 7
(f) Inthiscase z(n) = ¢, s0 y(n) = H(0)e"" = 2 = ys,.



7. Suppose z is acontinuous-time periodic signal, with period p and exponential FS representa-
tion,

Vt, x(t) = Z Xy exp(ikwot),

k=—00
inwhich wy = 27/p.
(@) Write down the formulafor X in terms of x.
(b) Consider the signal ¥,
vt y(t) = a(at),
in which oo > 0 is some positive constant.
i. Show that y is periodic and find its period q.
ii. Suppose y has FS representation
vt, y(t)= > Yiexp(kwit),

k=—o00

What isw; ? Determine the Y}, in terms of the X..
Answer to 7 (@) Theformulais

1 /p A
Xy = —/ x(t)e kot gy, (5)
bJo

(b) Wewant y(t) = z(at) = y(t + q) = z(a(t + q)) = z(t + p),S0ag =porq =p/a. 0O
the FSof yis

y(t) = Y viehe
k

_ Z Xk e’ik‘awot
k

from which w; = awg and Y), = X.

8. Give an example of a nonlinear, time-invariant system S that is not memoryless. Time is
discrete.

(a) Show that S is nonlinear, time-invariant, and not memoryless.

(b) Suppose z : Ints — Realsis periodic with period p. Let y = S(z). Isy periodic?

(c) Suppose @ is another discrete-time, time-invariant system. |s the cascade composition
S o @ time-invariant? Give a proof or a counterexample.

(d) Define the system R by reversing time: Vx,n, R(z)(n) = S(z)(—n). Is R time-
invariant? Why? If x is periodic as above and w = R(x), isw periodic? Why.



Answer to 8 One possible system is
Vo, Vn, S(z)(n) = [z(n —1)]°.

(@ S isclearly nonlinear since, if z(n — 1) # 0, S(27)(n) = 4[z(n — 1)} # 2[z(n — 1)]2.
S istime-invariant, since for any integer 7T,

S o Dr(z)(n) = [z(n —T —1)]* = Dy o S(x)(n).

S isnot memoryless, because if it isthereis f : Reals — Realswith

But this will not hold if we choose z;,n,n — 1 so that z(n) = 0 and [z(n — 1) # f(0).
(b) Yesit is periodic, since

S(xz)(n+p)=D_po0Sz(n)=So0D_,(x)(n) =S(x)(n),

since D_,x = x because z is periodic with period p.
(c) The composiiton of any two time-invariant systems is periodic, since

Dro(QoS)=QoDroS=(QoS)oDr.
(d) R isnot time-invariant, because

DroR(z)(n) = R(x)n—T)=Sx)(—n+T)=[z(-n+T—1)]?
RoDr(z)(n) = SoDp(z)(—n)=[Dr(z)(-n—1)?=[z(-—n—-1-T)2%

These two quantities are not equal for particular choices of z,n, T
w is periodic with the same period p, because by part (b) S(z) is periodic with period p, so

w(n +p) = S(@)(=n —p) = S(z)(—n) = R(z)(n) = w(n).

. You are given three kinds of building blocks for discrete-time systems: one-unit delay; gains;
and adders.

() Usethese building blocks to implement the system:

y(n) = 0.5y(n —2) + z(n) + z(n — 1). (6)
(b) Take the outputs of the delay elements as the state and givea [A, b, ¢, d] representation
of this system.

(c) You areallowed to set the output of the delay elementsto any value at timen = 0. Select
these values so that the output of your implementation is the solution y(n),n > 0 for
any input z(n),n > 0 and initial conditions: y(—1) = 0.5,y(—2) = 0.8,z(—1) = 1.
Now suppose z(0) = z(1) = z(2) = 0. Calculate y(0), y(1), y(2).

8



X(n) ~ y(n)

x(n-1) y(n-1)
1 D
L yn-2)

0.5

Figure 3: Implementation for problem 9

Answer to 9 (a) Figure 3 is one implementation.
(b) Taking s(n) = [z(n — 1) y(n — 1) y(n — 2)]* and using (6) we get

x(n) 00 O 1
s(n+1) = yn) | =11 0 05 |s(n)+ |1
y(n —1) 01 0 0

y(n) = [100.5]s(n) +1 x x(n)

from which we can read off A, b, ¢, d.
(c) Wetake theinitial state as s(0) = [z(—1) y(—1) y(—2)]" = [10.50.8]". Then

y(0) = ¢'s(0)=[100.5]5(0) = 1.4
y(1) = ' As(0) =0.5% = 0.25
y(2) = cFA%5(0) =07

One can also get these directly from (6).

10. Anintegrator can be used as a building block: For any input = : Reals. — Reals, its output
is:

t
Vi >0, y(t)=uyo +/ x(s)ds.
0

The ‘initial condition’ y(0) can be set.
Use integrators, gains and adders to implement the system:

2
T (t) ~ (1) = (1), )

with iniital condition y(0) = 1,y(0) = 0.4.
Hint First convert adifferential equation into an integral equation and then implement.

Answer to 10 Figure 4 shows the implementation

9



t v(t '
x(t) @ o y(®) f; y(t) Iot y(t) >
yo)  y(0)

0.5 |

Figure 4: Implementation for problem 10

11. A periodic signa z : Reals — Realsisgiven by
Vi, x(t) = [1 + cos(2m x 10t)] x cos(2m x 400¢).

(&) What arethe fundamental frequency «y and period Ty of z? Calculate the Fourier Series
of x in the forms:

vt, x(t) = Ao+ Agcos(kwot + ¢y)
k=1

o
— Z Xk‘ eikwot

k=—o00
Is X}, = X*,?
(b) Supposethe LTI system S has frequency response

1, if27 x 395 < |w| < 27 x 405
otherwise

Plot the magnitude and phase response of H. Repeat part1lafor y.

Answer to 11 Using

1 1
cos(x) cos(y) = 5 cos(z +y) + 3 cos(z — v),
gives

1 1
x(t) = cos(2m - 400t) + 3 cos(2m - 390t) + 3 cos(2m - 410t),

from which

(@) wp = 27 - 10 rad/sec and ty = 0.1 sec. Also

A3 =05, Ay=0.5, Ap=0, ese;Vk¢r =0

10



12.

and
X, = %Awe‘ﬁksg"(k) inwhich sgn(k) =1,k > 0;=0,k < 0. SO

Xgg=X_39=Xy1=X_41 =025 Xy0=X_4=0.5;, Xp=0, else.

(b) This system is abandpass filter, in which only sinusoids with frequencies within specified
range go through unchanged and the others become 0. Thus

1
Vt, y(t) = cos(2m - 400t); wo =27 -400 rad/sec; Ty = 100 Sec.
Alzl; Ak:()vk#L ¢/€:07Vk7
X1=X_1=05 Xp=0€ese

Give the ABCD state space representation of a discrete-time system with frequency response
H(w), where:

2+e v
H) =130

Hint: First find a difference equation which has the given frequency response. Then find the
state space representation.

Answer to 12 From
H(W)[1 —3e %] =2+ e
we see that H isthe frequency response of the difference equation

y(n) —3y(n —3) =2z(n) + z(n — 1).

So we select
r(n—1) ]
y(n —1)
s(n) =
™=\ yin-2)
y(n—3) |
00 0 0] 1
1 0 0 3 2
A= 01 00 B= 0
00 10| 0
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13. You are given the signal Viz(t) = cos(207t) + 1 — 2sin(257t) to use as input to a system
with frequency response H (w) = |w|. Answer the following questions based on this setup.

(a) Indicate the Fourier series expansion (in cosine format) of x by writing the nonzero
values of Ay, Ag, and ¢y inthe expansion z(t) = Ay + Y 5oy Ak cos(kwot + ¢r).

(b) Indicate the Fourier series expansion (in complex exponential format) of x(¢) by writing
the nonzero val ues of the complex coefficients X;, inthe expansion z(t) = 352 Xjefhwot,

(c) Givey, the output of the system with input z.

Answer to 13 (a) First rewrite z:(t) = cos(207t) + 1 — 2sin(257t) in terms of cosines:
z(t) = 1 + cos(207t) + 2 cos(257t + g)

Next find the fundamental frequency. The largest frequency that evenly divides both 207 and
257 iswy = 5. We rewrite z(t) in terms of nonzero coefficients:

2(t) = 1+ 1cos(4(5m)t +0) + 2cos(5(57)t + g)

= A+ Agcos(dwot + ¢4) + As cos(bwot + ¢5)

We see from above that Ag = 1, Ay = 1, ¢4 = 0, A5 = 2, ¢5 = 5, and al other A;, and ¢y,
are zero.

(b) We can calculate the X},'s directly, but since we've aready calculated the A;'s, let’s use
them to derive the X}.’s. (See aso page 302 in the text.) Note in particular that with com-
plex exponentials, we have negative frequency and complex coefficients instead of phases,
meaning that the X,.’s are complex and & can be negative.

Recalling that

elt + eIt

cos(t) = 5 ,

we can say that, for positive k:

ALedPk . A,e— %k
Ay cos(wokt + o) = %ewokt + %

_ Xkejwok‘t + X_kejwo(—k?)t

e*onkt

In our case, we have three nonzero A;,. We start with 4y. Since cos(0) = ¢/° = 1, we
conclude that Xy = Ap.

For A4, we relate the frequency components at w = +4uwy:
1 4jwot 1 —4jwot
1 cos(dwpt) = =€«  —e7 2«0
2 2
and concludethat X, = 1/2and X_4 = 1/2.

12



And finally, for A5 and ¢5, we relate the frequency components at w = +5uy.

2cos(bwgt) = eIT/2ePIwot 4 omim/2=bjwot

_ Z~65jw0t o i€_5jw0t

and conclude that X5 = ¢ and X5 = —i.

(c) We can either apply the frequency response to the eigenfunctions or we can look at x(t)
directly and see how it behaves when sent through the system.

Let's start with the | atter approach.

Looking at z(t) = cos(207t) + 1 — 2sin(257t), we see it has components at w = 0, w =
207, and w = 257. The frequency response is simple enough that we can see that the DC
component (i.e. the component at w = 0) gets completely attenuated (i.e. multiplied by 0).
The other two components are scaled by the absolute value of their frequency, leading to:

y(t) = (0)1 + (207) cos(20mt) — (257)2 sin(257t)
= 207 cos(20mt) — 507 sin(257t)

If the frequency response had been more complicated, we may have preferred another ap-
proach:

We aready have the complex exponential breakdown of the input signal, meaning that we
know the input signal in terms of scaled eigenfunctions. We can therefore apply the frequency
response:

y(t) = H(0)Xo
+ X4 H (4w )ete0t 4 Xy H (—4wy)e29wot
+X5H(5W0)€j5w0t + X_5H(—5W())675jw0t
1 1
= 0+ 51207rye20“ +3l- 207|207 + |257|ie?®™ 4 | — 257|(—i)e” 2™

e207rt + 67207”&

5 e257rt o 67257”&
= 20— +50n(?v*) —————
T 5 + 507 (%) 5

207t —207t 257t —257t
e s ) W ‘
2 21

= 207 cos(20mt) — 507 sin(257t)

which is the same result as with the other method.

14. In the negative feedback system of figure5 assume that H(w) = [1 + iw]~!. Let G bethe
closed-loop frequency response. For K = 1,10, 100

(a) Plot the magnitude and phase response of G; and
(b) determine the bandwidth w at which /G(w) = 7 /4.

13



Figure 5: Feedback system for problem 14

G(w)| 4
K/(K+1)2"? B
K/(K+1) > o
)> ()
—7t/4 \
—TT
AG(co)v

Figure 6: Frequency response for problem 14

Answer to 14 The closed loop frequency response is

 KHw) K
v G =) T (K +1) +iw
(a) So
K _ w
G(w)| = (K +1)2 + w?]1/2’ /G(w) = —tan~! K+1

(b) Seefigure 6

15. Determine the ‘gain’ &k and the guard so that the output of the hybrid system is as shown in
figure 7

Answer to 15 The gain and guard are given in figure7.
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s(0)=0

{s(t) [ s(t) = 3}

| s(t):=0

st =1
y(t) = 2s(t)

y(t)

£ y()

slope =2

Figure 7: Hybrid system for problem 15



