EECS20n, Quiz 4, 03/19/04, Solution

1. 10 points Two linear systems are combined in a cascade composition as shown below:

ap, byocqd x Ay bycydy

The two systems, indexed ¢ = 1, 2, are 1-dimensional with scalar input x;, scalar output y;,
initial state s;(0) and update equations:

siln+1) = a;si(n) + bjxi(n)
yi(n) = ¢si(n) + dzi(n)

The cascade composition means that x5 = y;. Write down the state, initial state, and update
equations for the composite system.

Answer Observe that for all n
za(n) = y1(n) = c1s1(n) + diz1(n). (1
So using (1) twice,

so(n+1) = ags2(n) + baxa(n) = azse(n) + bacysi(n) + badizy(n)
ya(n) = ca82(n) + daxa(n) = casa(n) + dacis1(n) + dadizi(n)

Hence the update equation for the composite system is

sitn+1) | | a 0 s1(n) b
l s;(n+ 1) o l b2101 a9 ] [ s;(n) ] + [ b;dl ]xl(n)
y2(n) = { dac1 ¢ } [ 25;’3 + [dad1] 21(n)

Hence the state is s(n) = [s1(n), s2(n)]T € R?; initial state is s(0) = [s1(0), s2(0)]”’; update
equation is as above.
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2. 10 points A 1-dimensional system with scalar input x, scalar output y, state s, is put in
feedback composition with input 7 and output y as shown below:

T X y
% a,b,c,d

A
L
k
What are the state and the update equations for the feedback composition?
Answer The ‘inner’ system has update equation
s(n+1) = as(n)+bx(n) (2)
y(n) = cs(n)+dz(n) 3)
The composite system has input 7(n) at time n. From (3),
z(n) =r(n) + ky(n) = r(n) + klcs(n) + dz(n)]
which gives
1 ke
xz(n) = = dkr(n) + T dks(n)
dkc d
y(n) = ecs(n)+ T dks(n) + T dkr(n)
dkc d
= 4
e+ =2 s(n) + ——r(n) @)

Hence the composite system’s update equation is:

s(n+1) = [a+ . b_kilk]s(n) + [1 _bdk]r(n)
dkc d
v = et B s() + L)

For the composition to be well-formed we must have 1 —dk # 0. The state of the composition
at time n is s(n); its initial state is s(0).



