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Figure 1: System with feedback loop and constant input signal.

Simple First-Order System

Consider a first-order system with state x and input
u given by

ẋ(t) = u(t) � x(t).

Let

u(t) =

�
0 t < 1
10 t � 1

A variable-step-size RK 2-3 solver quantizes time according to an error
estimate and produces:
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u = 10 for t > 1 and u = 0 otherwise.

Figure 3: Simple Quantized State System.

However, this method could yield a system to have a Chattering Zeno be-
haviour, and its simulation becomes thus impossible to perform, as shown in
Figure 4

This simulation approach based on the quantization of the state variables to
obtain a discrete event approximation of a continuous system has been intro-
duced in [3] by Zeigler and Lee. A solution to the Chattering Zeno behaviour
is achieved with Quantized State Systems (QSS) [2] and [1] by Kofman et al.

A first order QSS system is called QSS1. It introduces hysteresis in the
quantizer, i.e. the quantizer has now two mode of operation depending if the
input is falling or rising, see Figure 5. QSS1 produces an output event when the
prediction based on its input value di↵ers by a quantum from the input signal.

Other QSS systems like QSS2 and QSS3, have been introduced to takle
with the cascade of multiple QSS integrators. In particular QSS2 is introduced
for the cascade of two integrators, and it produces an output event when the
prediction based on its input value and its first derivative di↵er by a quantum
from the prediction using only the input value. In QSS3, an output event is
generated when the prediction based on the latest input value and its first and
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Simple Quantized-State System

Assume that the input is always piecewise constant.
Then ẋ is piecewise constant. The only interesting
times are those when either the input changes levels
or x crosses a quantum. The computation can
become trivially simple.
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Chattering

But it doesn’t quite work. Suppose the input is instead

u(t) =

⇢
0 t < 1
9.5 t � 1

Then we get this:
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Simple Quantized-State System

Quantize the state as follows

ẋ(t) = u(t)� q(t)

where
q(t) = bx(t)c.

Let

u(t) =

⇢
0 t < 1
10 t � 1
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B-"$'-+%@;/%-="#;/)M->;&%;@%"#$%:;9-:%pK#)&B8p%
•! .$9=/$%9;00=&)9->;&%-99$88;/8%@;/%-99$88)&B%:;9-:%

-="#;/)M->;&%8$/E)9$%

!"#$%&'
()*%#&+*,*-'.$//*&0'

12+"'

12+"'

12+"'!"#$%"$#&
'($)*+,&-$#./%01&

12+"'

!"#$%"&'((&)*"+,-

Accessor !"#"$
%&$'()*$

+,&-(..$
/(-(01(*$
!"#"$

!"#$% &'()'(%

1;9-:%W="#%</;E)C$8%-%/-&B$%;@%8$9=/)"+%%
-:"$/&->E$8%!</;";9;:8L%9/+<";B/-<#)9%-:B;/)"#08L%
S$+%:)@$>0$8L%9-9#$C%S$+8(%2+%)&"$B/->&B%
"$9#&)P=$8%@/;0%$a)8>&B%8$9=/)"+%0$-8=/$84%

.'-/0:$"%8"/$-08%C-"-%";U@/;0%-%
8$9=/$L%-="#$&>9-"$C%-99$88;/%
@;/%$)"#$/%-%9:)$&"%;/%-%8$/E$/4%
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!"#$%&
!"#$'&

()*+,#&

!"#$%&&
&

!"#$%"&'((&)*"+,-

Accessor 

'(()**&
+)(),-).&

/0$0&

/0$0&
12&3)".&

452()**&
+)(),-).&

/0$0&

+)*62".&
12&78,)"$&

!"#$%"&'((!"%."%-

Accessor 

!"#$%&

!"#$%&

-+./+.&

!"#$%&

&
&

//-

/&-
/!-

01+23415"6- &!-

01+23415"7- &!-

01+23415"8- &!-

9&:)%&;25&(8,)"$&<&-)5-)5&
/&-9&!"(5%6$).&=,$>&:)%&;25&!?$>@&<&(8,)"$& //-9&!"(5%6$).&=,$>&:)%&;25&!?$>@&<&!?$>A&
/!-9&!"(5%6$).&=,$>&:)%&;25&!?$>A&<&-)5-)5& &!-9&!"(5%6$).&=,$>&:)%&;25&(8,)"$&<&-8,)"$&

..K6%.$9=/$%.'-/0%K;;:S)"%
W="#;/)M->;&L%W="#$&>9->;&L%.$9=/)"+%@;/%J;K%

mA;S$=&%b)0n%



  

)*+,#+%
!"#$%&'()*+,-./'012-%(3)*+4-%&/5%+,/"&/'+

J*+,#+%)8%-%=&)E$/8)"+H)&C=8"/+%<-/"&$/8#)<%";%<=/8=$%</$H9;0<$>>E$%/$8$-/9#%
;&%C$8)B&L%0;C$:)&BL%-&C%-&-:+8)8%"$9#&)P=$8%@;/%9+2$/H<#+8)9-:%8+8"$08L%')"#%
$0<#-8)8%;&%)&C=8"/)-:%-<<:)9->;&84%K;<)986%
•! A-/C'-/$%-&C%8;Q'-/$%-/9#)"$9"=/$8%
•! R;C$:H2-8$C%C$8)B&%@;/%*,.%
•! A)B#:+%C+&-0)9%&$"';/S$C%8+8"$08%
•! K#$%J&"$/&$"%;@%"#)&B8%!J;K(%
•! .-@$"+L%</)E-9+L%-&C%8$9=/)"+%
•! .+&"#$8)8%-&C%:$-/&)&B%
•! 1;9-:)M->;&%-&C%:;9->;&H-'-/$%8$/E)9$8%
•! 1$-/&)&B%-&C%;<>0)M->;&%
•! .-@$"+H9/)>9-:%8+8"$08%
•! A=0-&H)&H"#$H:;;<%8+8"$084%
•! .+8"$08H;@H8+8"$08%C$8)B&%
•! .$0-&>98%;@%>0$C%8+8"$08%
#T<6UU)9+<#+4;/B%

iCyPhy 23 ,/-2-:%?=T-L%VC'-/C%1$$L%W:2$/";%.-&B);&E-&&)HX)&9$"$::)L%.-&Y)"%.$8#)-%



  

:GBEH6%,";:$0+%1$-/&)&BL%J&@$/$&9$L%
-&C%e<>0)M->;&%K;;:S)"%

•! W9";/H;/)$&"$C% ";;:S)"% ";% 2=):C% 0;C$:8%
;&%8"/$-0)&B%C-"-%

•! [-+$8)-&%J&@$/$&9$L%8"-"$%$8>0->;&L%
9;&8"/-)&$C%;<>0)M->;&%

mWSS-+-n%



  

F;2;"%.$&8;/%Z$"';/S86%%
*;;<$/->E$%K-/B$"%1;9-:)M->;&%

WSS-+-L%$"%-:4L%_,J1eK6%W&%W9";/H
e/)$&"$C%1$-/&)&B%-&C%e<>0)M->;&%
K;;:S)"%@;/%F;2;>9%W<<:)9->;&8L`%
G;/S8#;<%;&%F;2;>9%.$&8;/%
Z$"';/S8%!F.Z(L%*,.%G$$SL%.$-T:$L%
W</):L%35]f4%
%
V0;";%$"%-:4L%_J&@;/0->;&%.$$S)&B%
-&C%R;C$:H,/$C)9>E$%*;&"/;:%;@%-%
*;;<$/->E$%F;2;"%.'-/0L`%
J&"$/&->;&-:%.+0<;8)=0%;&%.'-/0%
[$#-E);/%-&C%[);HJ&8<)/$C%F;2;>98L%
e9";2$/%3qrk5L%b+;";L%c-<-&4%

mWSS-+-n%



  

)*+,#+%
!"#$%&'()*+,-./'012-%(3)*+4-%&/5%+,/"&/'+

J*+,#+%)8%-%=&)E$/8)"+H)&C=8"/+%<-/"&$/8#)<%";%<=/8=$%</$H9;0<$>>E$%/$8$-/9#%
;&%C$8)B&L%0;C$:)&BL%-&C%-&-:+8)8%"$9#&)P=$8%@;/%9+2$/H<#+8)9-:%8+8"$08L%')"#%
$0<#-8)8%;&%)&C=8"/)-:%-<<:)9->;&84%K;<)986%
•! A-/C'-/$%-&C%8;Q'-/$%-/9#)"$9"=/$8%
•! R;C$:H2-8$C%C$8)B&%@;/%*,.%
•! A)B#:+%C+&-0)9%&$"';/S$C%8+8"$08%
•! K#$%J&"$/&$"%;@%"#)&B8%!J;K(%
•! .-@$"+L%</)E-9+L%-&C%8$9=/)"+%
•! .+&"#$8)8%-&C%:$-/&)&B%
•! 1;9-:)M->;&%-&C%:;9->;&H-'-/$%8$/E)9$8%
•! 1$-/&)&B%-&C%;<>0)M->;&%
•! .-@$"+H9/)>9-:%8+8"$08%
•! A=0-&H)&H"#$H:;;<%8+8"$084%
•! .+8"$08H;@H8+8"$08%C$8)B&%
•! .$0-&>98%;@%>0$C%8+8"$08%
#T<6UU)9+<#+4;/B%
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.<->-:%e&";:;B)$8%-&C%.$0-&>9%1;9-:)M->;&%
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mG$2$/n%

g;-:6%?$E$:;<%-%1;B)9%@;/%F$-8;&)&B%W2;="%.<->-:%F$:->;&8#)<8%)&%
"#$%.'-/0L%I-9):)"-"$%*;0<;8)>;&%;@%?)E$/8$%R-<%?-"-%
W<<:)9->;&86%V&#-&9$%W99=/-9+L%.$9=/)"+L%-&C%,/)E-9+%)&%.'-/0%
1;9-:)M->;&%

•! I-9):)"-"$%:;B)9-:%)&@$/$&9$%-&C%E$/)h9->;&%@;/%
8$0-&>9%:;9-:)M->;&%

•! F$:-"$%8$0-&>9%:;9-:)M->;&%";%0-"#$0->9-:%
8"/=9"=/$8%%

J0-B$%@/;0%.4%g;C=B=:-%-&C%g4%V&B$:8L%_.=/E$+%;@%;&";:;B+%
0-<<)&B%"$9#&)P=$8L`%4?S:)'/+T$)*(&-+)"#+;%%$')"3/L%355q4%

%
%

1$E$/-B$%;&";:;B)9-:%0-<<)&B%";%"/-&8:-"$%
:;9->;&%)&@;/0->;&%-9/;88%0-<8%



  

g;/C)-&%.RK6%D&"-&B:)&B%1;9-:)M->;&%
WT-9S8%)&%Z;)8+%.$&8;/%Z$"';/S8%
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mG$2$/L%c)&L%1$C$/0-&L%.#;=S/+L%1$$L%.$8#)-L%.-&B);E-&&)HX)&9$&"$::)%n%

g;-:6%*;//$9":+%1;9-:)M$%.'-/0%?$E)9$8%')"#%J&"$/HZ;C$%?)8"-&9$%
R$-8=/$0$&"8%VE$&%)&%"#$%,/$8$&9$%;@%R-:)9);=8%J&"$/@$/$&9$%
W<<:)9->;&86%?/)E$/:$88%*-/8L%1;9-:)M->;&%-8%-&%W="#$&>9->;&%
R$9#-&)80L%*;&8)8"$&9+%K$8>&B%@;/%.$0-&>9%1;9-:)M->;&%

W<</;-9#6%%
•! ?$"$9"%)0<;88)2:$%B/-<#8%')"#%-%8$0)C$h&)"$%</;B/-00)&BH2-8$C%:;9-:)M->;&%

-:B;/)"#0%
•! .WK%-88)8"$C%.RK%8;:E)&B%-/9#)"$9"=/$%/-<)C:+%)C$&>h$8%0-:)9);=8:+%9;//=<"$C%$CB$84%

_g;/C)-&%.RK6%D&"-&B:)&B%1;9-:)M->;&%WT-9S8%)&%Z;)8+%.$&8;/%Z$"';/S8`L%R4%G$2$/L%[4%c)&L%g4%
1$C$/0-&L%s4%.#;=S/+L%V4%1$$L%.%.$8#)-L%W4%.-&B);E-&&)HX)&9$&"$::)L%8=20)T$C%J,.Zt]^4%%



  

eE$/E)$'%,-<$/%
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J&E)"$C%,-<$/%@;/%
.$&8;/8%c;=/&-:%
%
I$2/=-/+L%35]f%
e<$&%W99$88%



  

)*+,#+%
!"#$%&'()*+,-./'012-%(3)*+4-%&/5%+,/"&/'+

J*+,#+%)8%-%=&)E$/8)"+H)&C=8"/+%<-/"&$/8#)<%";%<=/8=$%</$H9;0<$>>E$%/$8$-/9#%
;&%C$8)B&L%0;C$:)&BL%-&C%-&-:+8)8%"$9#&)P=$8%@;/%9+2$/H<#+8)9-:%8+8"$08L%')"#%
$0<#-8)8%;&%)&C=8"/)-:%-<<:)9->;&84%K;<)986%
•! A-/C'-/$%-&C%8;Q'-/$%-/9#)"$9"=/$8%
•! R;C$:H2-8$C%C$8)B&%@;/%*,.%
•! A)B#:+%C+&-0)9%&$"';/S$C%8+8"$08%
•! K#$%J&"$/&$"%;@%"#)&B8%!J;K(%
•! .-@$"+L%</)E-9+L%-&C%8$9=/)"+%
•! .+&"#$8)8%-&C%:$-/&)&B%
•! 1;9-:)M->;&%-&C%:;9->;&H-'-/$%8$/E)9$8%
•! 1$-/&)&B%-&C%;<>0)M->;&%
•! .-@$"+H9/)>9-:%8+8"$08%
•! A=0-&H)&H"#$H:;;<%8+8"$084%
•! .+8"$08H;@H8+8"$08%C$8)B&%
•! .$0-&>98%;@%>0$C%8+8"$08%
#T<6UU)9+<#+4;/B%
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